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Overview
• Deterministic Network Calculus (DNC) Motivation and Basics

• Objective and Approach

• Arrival Bounding Procedure in FIFO Feedforward Networks

• Tandem Analysis and LUDB-FF

• Evaluation
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DNC Motivation and Basics
• Theory of deterministic queueing systems [Cruz91]

• Worst-case bounds such as delay and backlog
• General DNC challenge is to derive bounds that are close to the realistic worst-

case
• Can be used for certifying performance guarantees of cyber-physical systems, 

e.g., airplanes [Boyer08]
• Can aid in ranking different network topologies and configurations
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DNC Motivation and Basics (2) [LeBoudec01]
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DNC Motivation and Basics (3) [LeBoudec01]
• Output bound

• Delay bound

• Concatenation of servers

• FIFO left-over service curve
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Objective and Approach
• Scalabe FIFO-aware analysis for Feedforward Networks and Tool-support

• Approach

• NetworkCalculus.org Deterministic Network Calculator (NCorg DNC)
• Idea of TMA backtracking algorithm [Bondorf17] adapted to FIFO
• Least Upper Delay Bound (LUDB) [Bisti08]

LUDB-FF
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Arrival Bounding Procedure in FIFO Feedforward 
Networks

s5 s4

s6

s3 s2

s1 ↵foi

↵f1

↵f3

↵f2
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Many (rather short) tandems have to 
be analyzed during backtracking!

8 A. Scheffler and S. Bondorf

Algorithm 1. Arrival Bounding Algorithm
Input (F, s) Flows to bound at server s
Output αs

F Output arrival curve at s for flows F

1: procedure computeArrivalCurve(F, s)
2: αs

F ← γ0,0

3: for l ∈ IngoingLinks(s) do
4: Fl ← F ∩ Flows(l)
5: if Fl $= ∅ then
6: dest← Source(l)
7: start← getDivergingServer(Fl, dest)
8: αstart

Fl
← computeArrivalCurve(Fl, start)

9: βl.o.
Fl
← computeServiceCurve(Fl, α

start
Fl

, start! dest, true)
10: αs

F ← αs
F + αstart

Fl
& βl.o.

Fl

11: end if
12: end for
13: return αs

F

14: end procedure

by solving the LPs5. Both can be worthwhile for future research and we will
grant access to them. For instance, it opens a pathway to machine learning
(ML) by providing θ settings to learn from an ML-assisted NC analysis like [21].
Our design decision to increase modularity also allows for use of existing LP
solvers. We opted for IBM CPLEX whereas DEBORAH has a custom internal
solver implementation. From the θ solution vector, we can easily compute the
residual service curve for further use in the NCorg DNC, see Algorithm 1. Last,
the tight integration into the DNC tool lets LUDB-FF benefit from more recent
features in the arrival bounding such as caching of intermediate results [4] and
parallelization [27].

Before we present the details of our LUDB-FF analysis, we detail the nota-
tion. Figure 2 serves as visualizing sample network. Set the path p := s4 ! s2

from server 4 to 2, i.e., (4, 3, 2). Path(f2)|p = p since f2 crosses the entire path
p. p1 ⊆ p2 holds if p1 is a subpath of p2, e.g., (4, 3) ⊆ p. Px := Paths(Fx)|p =
∪fx∈FxPath(fx)|p is the set of all subpaths on p for flows in Fx. For simplicity we
assume that a flow does not rejoin a given path otherwise, for sake of notation,
we just split it up and give it two distinct identifiers. For a nested tandem, a
crossflow with path p has level 1 (l = 1) if there is no other crossflow whose path
entirely includes p. With βl.o.

f we denote the residual service curve for flow f .
First, we define a simple, local bound on the θ parameter.

5 DEBORAH works with the pseudoaffine curve framework. Although it outputs vari-
ables si that relate to the variables θi from the FIFO residual service curve in
Theorem 2, it is not trivial to infer θi from si: for a crossflow indexed with i, we can
compute θi = hdev(αi, βi)+si from its residual service curve βi and the si. However,
this requires to additionally create a tree-structure that captures the relative paths
of crossflows to the foi on the analyzed tandem, the so-called nesting tree, first.
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Tandem Analysis and LUDB-FF
• Def. (Nested Tandem) [Bisti08]: A tandem has nested interference iff for every 

pair of flows either both flows do not have common servers or the path of one 
flow is included in the other flow’s path. 
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Tandem Analysis and LUDB-FF (2)
• LUDB for “minimal” delay bound on nested tandems [Bisti08]

• Restricted to token bucket, rate latency curves
• Formulates the problem as a P-LP
• Splitting into several LPs
• Solution (Delay Bound): Minimal objective value of the LPs
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Tandem Analysis and LUDB-FF (3)
• Output bound theorem 
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Network Calculus for Bounding Delays 9

Definition 3 (Lower bound on θ). Given an arrival curve αf := γσ,ρ and
residual service curve βl.o.

f , we define θf (βl.o.
f ,αf ) := inf{t ≥ 0 : βl.o.

f (t) ≥ σ}.

This can be seen as the θ setting which results in a residual service curve with
lowest latency and is thus output minimizing – however only locally as the
following Lemma shows. Also note that θf (βl.o.

f ,αf ) = hdev(αf ,βl.o.
f ).

Next, we make use of a bound on the output derived in [1] which holds for
nested tandems that we transform into the corresponding residual service curve.

Lemma 1 (Output Bound for FIFO βl.o. [1]). Consider a nested tandem T
with crossflows Fx and a foi. Further assume w.l.o.g. that all flows in Fx have
distinct paths. Then the following residual service curve minimizes6 the output
bound on a foi

[
⊗

i∈I

βTi,Ri

]
⊗




⊗

f∈Fx|l=1

[βl.o.
f (t) − αSource(f)

f (t − θf )]↑ · 1{t>θf }



 (6)

with I = {i ∈ T : !f ∈ Fx : Path(f) ∩ i &= ∅} and θf = θf (βl.o.
f ,αSource(f)

f ). βl.o.
f

is the residual service curve of crossflow f computed by LUDB—for this a nested
tandem analysis with foi=f and crossflows {fx ∈ Fx : Path(fx) " Path(f)} has
to be executed. Assume foi has arrival curve γσ,ρ. The respective output bound
is then given by γσ′,ρ′ with ρ′ = ρ and

σ′ = σ +




∑

f∈Fx|l=1

θf +
∑

i∈I

Ti



 · ρ (7)

Now we give the algorithm to compute the residual service curve for the flows
of interest. The LUDB-FF delay analysis for the foi is initialized by calling
computeServiceCurve({foi},αfoi,Path(foi), false).

The algorithm first finds the crossflows on path p and aggregates them based
on their subpaths on p. It then either does a nested or non-nested analysis while
also distinguishing different cases to tighten the bounds.

NestedAnalysis Ffoi, Ffoi ∪Fx, APx ,αFfoi , p, o, agg For the nested analy-
sis where we want to find the best output bound we make use of Lemma 1 which
gives us the respective residual service curve for the flows of interest. For the
delay bound case it is important to aggregate the flows of interest with cross-
flows that also have p as subpath (in this case agg holds) – from the respective
residual service curve we have to subtract those crossflows again but do so such
that the delay bound stays the same (as with the crossflow aggregate). In detail:

– Case (Output bound) We proceed as discussed in Lemma 1.
– Case (Delay bound) Here we need to differentiate whether agg holds or not,

i.e., whether there are crossflows having the same path p as subpath (see also

6 For the resulting output bound γσ′,ρ′ = min
θ1,...,θ|Fx|

(
γσ,ρ ! βl.o.

foi (θ1, ..., θ|Fx|)
)

holds.
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Tandem Analysis and LUDB-FF (4)
• LUDB-FF

• Arrival Bounding Procedure in FIFO Feedforward Networks
• During backtracking use LUDB tandem analysis

• Nested tandem: Differentiate between output minimal and delay bound minimal, 
aggregate crossflows that share the same tandem path with the flows of interest

• Non-nested tandem: Cut crossflows which results in a nested one, several 
cutsets possible

• New finding (non-nested): In case crossflows share the same path as the 
flows of interest on the current tandem, aggregate first (s.t. these do not get 
cut)
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Evaluation
• Networks following General Linear Preference (GLP) model, mimic Internet 

topologies [Bondorf17]

• Adapt arrival and service curve as follows

• Arrival curve 
• Service curve                                        with                               where u is the 

desired utilization of the server
• Four network sizes (20, 40, 100 and 200 servers) each with homogeneous 

utilizations of 70%, 90% and 99%
• Metric: Relative delay bound
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Evaluation (2)
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Size 20 devices, utilization 70%                                 Size 20 devices, utilization 99%
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Evaluation (3)
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Size 200, utilization 90% Size 200, utilization 99%
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Conclusion
• With LUDB-FF we advanced the DNC analysis in networks of FIFO queueing 

systems

• It is a combination of the arrival bounding framework [Bondorf17] that was 
initially developed for arbitrary multiplexing and the LUDB [Bisti08] analysis

• LUDB-FF outperforms alternative approaches to bound flow delays namely SFA-
FIFO, DEBORAH-Integration and the arbitrary multiplexing analysis TMA

• Our evaluation shows that LUDB-FF almost always beats SFA-FIFO by a margin 
of up to 75%
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Thanks for your attention!
Questions?
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