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1. Introduction

We consider non-linear parabolic equations

S diva(e,u, Vu) + b, Vu) = 0in © x (0,7]

u=0onT x (0,T] (1.1)
u(+,0) = up in Q

in a bounded space-time cylinder with a convex two-dimensional polygonal cross-
section Q C R? having a Lipschitz boundary I'. The final time 7 is arbitrary, but kept
fixed in what follows. The coefficients a : @ x Rx R* - R? and b: Q@ x RxR* —» R
must be continuously differentiable with Lipschitz-continuous derivatives. They have
to satisfy suitable growth conditions so that problem (1.1) admits an appropriate
variational formulation (cf. Sections 2 and 4 for details). Some sample problems
satisfying these conditions are given in Section 4.

We consider space-time discretizations of problem (1.1). The temporal discretiza-
tions in particular cover the implicit Euler scheme and the mid-point rule. For linear
problems they correspond to the well-known A-stable #-schemes. The spatial discre-
tizations consist of standard conforming finite element spaces that can vary from



one time-level to the other. The spatial meshes may be locally refined, but must be
isotropic.

For these discretizations we derive a residual a posteriori error estimator. It
consists of two contributions: a spatial error estimator and a temporal one.
The spatial contribution is a standard residual a posteriori error estimator for the
non-linear elliptic equation arising from the time-discretization of problem (1.1). It
consists of an element residual on a space-time cylinder K X [t,,_1,t,] and of an edge
residual on the lateral boundary 0K X [t,_1,t,].
The evaluation of the temporal error estimator requires at each time-level the solution
of a discrete Poisson problem. This term can be interpreted as an edge residual on
the bottom K X {t,_1} measured in an appropriate dual norm. The additional work
of solving a supplementary discrete problem at each time-level is the price we have
to pay for making computable this dual norm. This extra work is comparable to the
one required by the now popular estimators that are based on the solution of suitable
discrete adjoint problems [3].
We prove that the error estimator yields upper and lower bounds for the error mea-
sured in a suitable L"(0,T; W, (Q2))-norm (cf. Section 2 for a definition of these
spaces and their norms). The ratio of the upper and lower bounds does not depend

on any mesh-size in space or time nor on any relation between these parameters.

The present results should be compared to our old results in [10]:

(1) Here, we consider standard time-discretizations which in particular cover the
implicit Euler scheme and the midpoint-rule. In [10], we used non-standard time-
discretizations which could be interpreted as implicit Runge-Kutta schemes and
which covered the Crank-Nicolson scheme as method of lowest order.

(2) Here, the ratio of upper and lower error bounds is independent of any mesh-size
in space and time and of any relation between both parameters. In [10], the ratio
of the upper and lower error bounds is proportional to 1 + h%7~! + h~27 where
h and 7 denote the local mesh-sizes in space and time respectively.

(3) The present analysis and the one in [10] both depart from an abstract non-linear
equation F'(u) = 0 with a continuously differentiable mapping F' : X — Y*
between appropriate function spaces (Y* denoting the dual of Y'). Here, X carries
a stronger topology than Y (cf. Section 2), in [10] these roles are reversed.

(4) In [10] we do not have to solve additional discrete problems in order to evaluate

the error estimator.

The article is organized as follows. In Section 2 we introduce the relevant function
spaces and their norms. Section 3 gives the finite element discretization. Departing
from the abstract error estimate of [9, Proposition 2.1] we prove in Section 4 that the
error is equivalent to a residual which is defined in a suitable dual space. This residual
is split into two contributions: a spatial residual and a temporal one. In Section 5
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we derive upper and lower bounds for the spatial residual. The temporal residual is
treated in Section 6. Combining these results we obtain in Section 7 a preliminary a
posteriori error estimator. It yields upper and lower bounds on the error which are
independent of the mesh-sizes in the sense described above. This preliminary error
estimator, however, is not suited for practical computations since it incorporates the
dual norm of a suitable residual. The residual itself is easy to evaluate, but the dual
norm is not directly accessible. To overcome this difficulty we present in Section
8 some Wl9-stability results for the Laplacian both in analytic and discrete form.
These results require that the cross-section (2 is two-dimensional and convex. Based
on these results we present in Section 9 the error estimator in its final form. The
computation of the dual norm here is replaced by the evaluation of the solution of
an auxiliary discrete Poisson problem.

2. Function spaces

For any bounded open subset w of  with Lipschitz boundary ~ we denote by
WkP(w),k € N,1 < p < oo, LP(w) = WP(w), and LP(7y) the usual Sobolev and
Lebesgue spaces equipped with the standard norms (cf. [1], [6, Vol. 3, Chap. IV ]):

1,p

fullip =4 3 / D u(@)Pde b, p < oo,

la| <k

il s = mass ess.sup [ D*u(a)

al<k TEW

and
1,p
llly = { / |u<x>|Pds<x>} p< o
Y

lulloery = ess.sup fu(a)]
xey

Here, a € N? is a multi-index, |a| = a; + a2, and ds denotes the length element of
the curve 7.
Set

WP (Q) = {ueW"P(Q):u=00nT}

and denote its dual space by

Wb (Q) = WEP(Q)* for 1 < p < oc.

Here and in the sequel, p’ denotes the dual exponent of p defined by % + 1% = 1.

The duality pairing between W, *(Q) and W 1" (Q) will always be denoted by (.,.)
where the relevant Lebesgue exponent p will be apparent from the context.
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Let V and W be two Banach spaces such that V' is continuously embedded in
W. Given two real numbers a and b with a < b, we denote by L?(a,b;V),1 < p < o0,
the space of all measurable functions u defined on (a,b) with values in V' such that
the mapping t — ||u(-,t)||v is in LP((a,b)). LP(a,b; V) is a Banach space equipped

1/p
||u||Lp(a bvV) — {/ HU |p dt} , P < 00,

||| o (a,p5v) = ess.sup [lu(-, 1) v
te(a,b)

with the norm

(cf. [6, Vol. 5, Chap. XVIII, §1]). Slightly changing the notation of [6], we further
introduce the Banach space

WP(a,b; V,W) = {ueLp(a,b;V) : % eLP(a,b;W)}

equipped with the norm

1/p
wllwe (a,pv,wy = {/ lu(-, t)|%, dt-f—/ =, )15 dt} ,p < o0

ou
Hu”Woo(a,b;V,W) = €ss.sup max Hu(',t)Hv, H—(',t)HW .
te(a,b) ot

Here the partial derivative % must be interpreted in the distributional sense [6,

loc.cit]. If p > 1, we know from [6, Vol. 5, Chap. XVIII, §1, Proposition 9] that for
any u € WP(a,b; V,W) the traces u(-,a) and u(-,b) are defined as elements of W.

A function u is called a weak solution of problem (1.1) if there are parameters
7, p, p, 7 € (1,00) such that u € W7 (0, T; Wy * (), W=17(Q)),

u(-,0) =uy in W HT(Q) (2.1)
and

T Hu T
/0 <E(-,t),v(-,t)>dt+/o /Q{Q(x,u,Vu)VU-i-b(:):,u,Vu)v}dxdt:O

Yo € LP (0, T; WE™ ()

(2.2)

(cf. [2]). Note that W, (Q) is continuously embedded in W~=17(Q) for all p and
since  C R?.



3. Finite element discretization

For the discretization we choose an integer N > 1 and intermediate times 0 = ¢ty <

tih<...<ty=Tandset 7, =t, —t,_1, 1 <n < N. With each intermediate time

tn, 0 <n < N, we associate a partition 7j, ,, of {2 and a corresponding finite element

space X}, . These have to satisfy the following conditions:

(1) Affine equivalence: every element K € Tj, ,, is either a triangle or a parallelogram.

(2) Admissibility: any two elements are either disjoint or share a vertex or a complete
edge.

(3) Shape regularity: for any element K the ratio of its diameter hg to the diameter
pk of the largest inscribed ball is bounded uniformly with respect to all partitions
Ty.n» and to N.

(4) Transition condition: for 1 < n < N there is an affinely equivalent, admissible,
and shape-regular partition i’hm such that it is a refinement of both 7; , and
Th.n—1 and such that

hg

sup sup sup < Q.

1<n<N ge7,  K'€TnmKCK i

(5) Each X}, consists of continuous functions which vanish on I" and which are
piecewise polynomials, the degrees being bounded uniformly with respect to all
partitions 7}, ,, and to N.

(6) Each X}, contains the space of continuous, piecewise linear finite elements cor-
responding to 7 ;.

Triangular and quadrilateral elements may be mixed. Condition (2) excludes hanging

nodes. Condition (3) is a standard one and allows for locally refined meshes. However,

it excludes anisotropic elements. Condition (4) is due to the simultaneous presence
of finite element functions defined on different grids. Usually the partition 7j ,, is
obtained from 7}, ,,—; by a combination of refinement and of coarsening. In this case

Condition (4) only restricts the coarsening. It must not be too abrupt nor too strong.

We choose a parameter 6 € [%, 1] and keep it fixed in what follows. Then the
space-time discretization of problem (1.1) consists in finding u}} € X3 ,,0 <n < N,
such that

uy) = moug (3.1)

and, for n =1,---, N, and all vj, € X}, ,,

/ Uh _Uh 'Uhdx"'/ {CL T uh 7 0)V0h+b($ uh ,VU ’Uh}dﬂl' =0 (32>
Q

where
O =0up + (1 — O)up? (3.3)
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and 7y denotes the L?-projection onto Xp ¢.

With every solution (u})o<n<n of problems (3.1) and (3.2) we associate two
functions wup, and @y,. The function uy,, is piecewise affine on the intervals [t,_1, t,],
1 <n < N, and equals u} at time t,. The function uy, is piecewise constant on the
intervals (t,-1,t,], 1 <n < N, and equals uze on (tp—1,t,]. Since the function ¢ —
up(.,t) is continuous and piecewise affine with values in W, (Q), it is differentiable
in the distributional sense [6, Vol. 5, Chap. XVIII, §1] and its weak derivative satisfies

oup,  up — uz_l
— to 1o tn). 4
g B on (t1,t) (3.4

4. The equivalence of error and residual
As usual for non-linear problems, our a posteriori error estimates are based on the
abstract error estimate of [9, Proposition 2.1]. For completeness we shortly recall this
result. Given two Banach spaces X and Y with norms || - ||x and || - ||y we denote by
L(X,Y) the space of continuous linear mappings of X into Y and equip it with its

standard norm 1Az
T

HAHE(X,Y): sup —Y-

zeX\{0} 2] x

ISOM(X,Y) denotes the space of all invertible A € L(X,Y) with A=1 € L(Y, X).
Given a continuously differentiable map F': X — Y™ of X into the dual Y* of Y we
look for solutions of the non-linear equation

F(u)=0. (4.1)

4.1 Lemma. [9, Proposition 2.1]. Let w € X be a solution of problem (4.1). As-
sume that u is reqular, i.e. DF(u) € ISOM (X,Y™) and that DF is locally Lipschitz
continuous at u, i.e. there are constants v > 0 and Ry > 0 such that

IDF(v) = DF(w)llz(x,y+) < llv—wlx
holds for all v,w € X with ||[v —u||x < Ro and ||w —ul|x < Ry. Set
R = min {RO A HIDE@) e 27_1“DF(u)H£(X7Y*)} .

Then the following error estimate holds for all v € X with ||[v — ul| < R:

1 _
SIDF@) 2y I F (@) -

< v —ullx

< 2|DF ()l e x) |1 E () v+
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For abbreviation we define a function G : L"(0,T; Wy ?(Q)) — LP(0,T; W—17())
by

(G(u),v) = /Q{g(x,u,Vu)Vv + b(z,u, Vu)v}dt a.e. in (0,7). (4.2)

Then the weak formulation (2.1), (2.2) of problem (1.1) fits into the framework of
Lemma 4.1 with

X =W"(0,T; Wy *(), W=57(Q)),
Y = Wo (@) x LY (0,7 Wy ™ (),

(u(-,O) U, V1)
(F(u), (v1,v2)) = (fo (2% vy) +<G(U),vz>}dt>'

We therefore obtain:

4.2 Lemma. Let u and up, be solutions of problems (2.1), (2.2) and (3.1), (3.2).
Assume that u and the function F' of equation (4.3) satisfy the conditions of Lemma
4.1 and that

Ju— UUT||W"‘(O’T;Wol’p(Q%Wfl,w(Q)) <R.

Then there are two constants ¢, and c¢® such that

auhT
o L e s Py,

< v = unrllwr o, 0w e )17 ()

auhr
ot

sa{wM—um4m+u -+Gwmwmmaw1nm}-

4.3 Remark. Assume that G is locally Lipschitz continuous at the solution u of
problems (2.1), (2.2), i.e., there are two constants v > 0 and Ry > 0 such that

|DG(v) — DG(w)HL(LT(O,T;WOI”’(Q)),LP(O,T;W*L“(Q))) <llv - wHLT(O,T;WOl”’(Q))

holds for all v,w € L"(0,T;W,"(Q)) with |Ju — v|
W e 0,7t () < Fo- Then the function F' of equation (4.3) satisfies the Lipschitz
IR )

LT'(O,T;Wé’p(Q)) S R() and ||u —

condition of Lemma 4.1 with the same constants v and Rj.
Some examples of problems following into the present category are given by:
(1) The heat equation with convection and non-linear diffusion coefficient:
a(z,u, Vu) = k(u)Vu,
b(z,u,Vu) =c-Vu— f,
feL>®),ceC(QR?, ke C*R),
k(s) >a>0,]k¥(s)| <y VseR,le{0,1,2},
p=m€ (2,4), p>2,r>2.
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(2) The non-stationary equation of prescribed mean curvature:

a(z,u, Vu) = [1 + |Vul?] V2V,
b(x,u, Vu) = —f € L*(Q),

p>2 m=

DD

,r22p,p=g-

(3) The non-stationary «-Laplacian:

a(z,u, Vu) = |Vul**Vu ,a>2,
b(z,u, Vu) = —f € L* (),

r
p:a,W:o/,r>6,p:§.

(4) The non-stationary subsonic flow of an irrational, ideal, compressible gas:

1/(v=1)
} Vu ,v>1,

-1
a(z,u, Vu) = {1 - %|Vu|2

b(xz,u, Vu) = —f € L™(Q),

27y 27y T
= —, T = , r>6,p=—.
Py T T TP T

Lemma 4.2 states that the error ©—uy,, and the residual% +G(up,) are equivalent.
In the following sections we will derive computable upper and lower bounds on the
residual. To this end we split it into a spatial and a temporal contribution and set

oup+ ~
(Ba(unr),v) = (=5," + G(inr), v) (4.4)
and
(Rr(unr),v) = (G(tunr) — G(upr), v). (4.5)
Obviously we have
8Uh7-
a1 + G(UhT) = Rh(uh.,-) + RT(uhT)' (46)
Since ag’t” = UZ—::LZ_l (cf. (3.4)) and up, = uze on each interval (¢,,_1,t,], problem
(3.2) is equivalent to
(Rh(um),vh> =0 Vo, € Xpp,1<n<N. (47)



5. Estimation of the spatial residual

For the estimation of the spatial residual Ry (up,) we need some additional notations.
We denote by gh,n, 1 < n < N, the set of all edges of 7~'hn With each edge E € gh,n
we associate a unit vector ny orthogonal to E such that it points to the outward of 2
if F is part of the boundary. For every edge E that is not contained in the boundary
we denote by [.]g the jump across F in direction ng. The quantity [.]g of course
depends on the orientation of ng, but quantities of the form [n -.]g are independent
thereof. With each edge E that is not contained in the boundary, we associate the
set wp which is the union of the two elements that share F. If F is a boundary-edge,
wp simply is the unique element that has E as an edge.

For every n between 1 and N we denote by N}, ,, the set of all element vertices
in 7, ,, that do not lie on the boundary. With every vertex = € N}, ,, we associate the
nodal bases function A, which is uniquely defined by the properties

Aajic € Ri(K) VK € Ty Au(y) = 0y € Ny o\ {2}, Au(z) = 1.

Here, as usual, Ry (K) denotes the set of all polynomials of total degree k, if K is a
triangle, and of maximal degree k, if K is a quadrilateral. The support of a nodal
bases function ), is denoted by w, and consists of all elements in 7}, ,, that share the
vertex x. Denote by 7, the L?(w,)-projection onto R; defined by

/vaw:/ vw YwéE R;.
W w

Then the interpolation operator I, ,, of Clément [5] corresponding to 7}, is defined
by
I pv = Z Az (T0) (). (5.1)

a:G/\/'h,n

Due to condition (6) of Section 3 Iy, maps L'(Q) into a subspace of X, .
5.1 Lemma. [9, Lemma 3.1] The following error estimates hold for all 1 < p < oo,
allv e WyP(Q), all1 <n < N, al K € Tp,, , and all E € &,
[0 =T nvllopix < crhxllvll, .5,
lo = Tntlls < oy ?lloll,

Here wg and wg consists of all elements in Ty, ,, that share at least a vertex with K
or E, respectively. The constants c1 and co only depend on the ratios hi /pk .

For every element K € 7N7Ln and every edge E € gh,n we denote by Nk and Ng
the set of its vertices and set

Yk =K H Az,
:BENK
mGNE
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The constants v, and yg are chosen such that ¥ and ¥ equal 1 at the barycentre

of K and F, respectively.
Similarly, the support of ¢ is contained in wg and ||Ygl|0.cows = [|[VE|lco:e = 1.

5.2 Lemma. [9, Lemma 3.8] The following estimates hold for all 1 < p < oo, all
EeN,alll<n<N,dlK e ﬁ,m allv € Ri(K), all E € gh,n, and all 0 € Ri(E):

Jx v¥xw

sup T———
wER (K) Hw”O,p’;K
1Y rv]1

fE O-wET]
sup
nERL(E) ||77Hp’,E

2 C3HU 0,p; K>

pK = C4hl_(1||v

0,p; K>

> C5HUHP;E>

—1441
Lpws < Cehp p||0||p;E=

|[YEoE

|vEo

Here, a polynomial o defined on an edge is continued in the canonical way to a

opwn < cthid?||ollps-

polynomial defined on R2. The constants cs,---,c7 only depend on the polynomial
degree k and on the ratios hx /pk .

We choose an integer ¢ and denote for every n between 1 and N by a;, (T, uZQ,
Vu®) and by, ,(z,uP?, Vup?) the L2-projections of a(x,u}?, Vu??) and b(x,u}?,
Vuze) onto discontinuous vector-fields respectively functions which are piecewise
polynomials of degree ¢ on the elements of ’f’hn With this notation we define el-
ement residuals Rx, K € ﬁ n,1 <n <N, by

n n—1
Ry = w —divay, ,(z, uZe, Vug") + by (2, uZG, Vuze), (5.2)
edge residuals Rg, E € gh,n, 1<n<N, by
g ay, (o, up ,Vu Np ifE¢T,
Re = { 0 if ECT, (5:3)

elementwise data errors Dy, K € ’j]z n,1 <n <N, by

Dy =a(x,ul?, Vul} )—ahn(:v u? Vup?)

o (5.4)
+ bz, u®, VuR®) — by, (x, ul?, Vup?),
and edgewise data errors Dg, F € Sh n, 1 <n <N, by
D = { g - (ol up?, Vup?) = @y (2,0’ V)l EEST, g
0 if BECT.

The choice of the parameter ¢ is influenced by the polynomial degree of the finite
element spaces X}, and by the smoothness of the coefficients a,b. The simplest
choice of course is £ = 0.

With these preparations we are now ready to bound the spatial residual.
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5.3 Lemma. For every n between 1 and N define a spatial error indicator n; by

17
=9 X MRkl + Y hellRel (5.6
KETh n E€&p n
and a spatial data error indicator ©} by
1/7
On =13 > hklDxl§ex+ > helDelie, - (5.7)

Ke%h,n Eegh,n

Then there are functions w,, € WOI’W/(Q), 1 <n <N, and constants ¢! and ct such
that on each interval (t,—1,t,],1 <n < N, the following estimates hold:

1Rn (unr) |12 < M {mpt + OF} (5-8)

and
()" <(Bn(unr), wn) + Opllwn 1,77,

T—1

y (5.9)
[wn 1,7 <ct(ng)

The constants c; and ¢t depend on the ratios hi/pk. The constant ¢t in addition
depends on the ratios hi:/hg in condition (4) of Section 3. The constant c; in
addition depends on the polynomial degree (.

Proof. Choose an integer n between 1 and N and keep it fixed in what follows.

Integration by parts on the elements of ’ZN';W yields the following L2-representation of

(Rp(uns),v) = Z /RKU+ Z /REU

the residual

ket K pegn T
" " (5.10)
+ % [ Dot S [ Dro
Ke:j:h,n K Eegh n E
Lemma 5.1 and Holder’s inequality therefore imply for all v € I/VO1 o (Q)
(Rn(unr),v — Innv) < cllvfli-{ny + Oh}. (5.11)

The constant ¢ only depends on the constants ¢; and ¢y of Lemma 5.1 and the ratios
hi/pK.

Since I, , maps L'(Q) into a subspace of X}, ,,, equations (4.7) and (5.11) prove the
upper bound (5.8).
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From Lemma 5.2 we conclude that for every element K & ’Z~7m and every edge
E € &y, there are polynomials vk and op such that

/ Ricvcvie = | Riclfmse.
K
|
/ Rptpos = |Rellp.
E

loellee < e tliRelrE

BN (12779 s

Set
wa=m Y, hgtvrvk+72 Y heteos.

Ke%h,n EGgh’n

The constants v; and 5 are arbitrary at present and will be determined below. The
subsequent arguments are based on the following observations:

e the supports of the Vi are mutually disjoint,

e the support of a ¥k intersects the support of at most four different ¥ g’s,
e the support of a ¢ g intersects the support of at most two ¥ x’s,

e the support of a ¥ g intersects the support of almost two other 1 g’s.

Since (m — 1)7’ = 7, Lemma 5.2 therefore yields

’ /7
lwnl T = > lwnllT ek
KeT,,
<5y Z W vk I i
KEThn

+57 75 N Y bR lveoslT ek

KeT,, ECOK

' —1_7 T—1)m T—1
<57 N G h ST R

Ke%h,n

o — ! T T T—1
w57y ST Y T R Y

KeT, , BCOK

< 57 max{~1, ’yg}ﬁl maX{C§IC4, 05_106}7r/( W)

=57 maX{’Yly’h} maX{c3 c4,Cy 06} ( )(71' 1)71'.

This proves that

lwnlly < 5max{yr, y2} max{es e, c5 " eo}(mh) ™" (5.12)
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Since hgy < hi for all edges E of any element K, Lemma 5.2 also implies that

Z /KRKwn—I- Z /EREwn

KETh,n Eegh,n

Z hi / Rriyrvk

KGTh n

+y2 Y hE/RE?/)EUE
E

Eegh,n

+72 Z Z hE/KRKl/}EUE

KTy, BCOK

Z h}r(”RKHS—,W,K

KeTh n

f9e S helRelTs
Eégh,n

1
> D clehkhy |Rellomx | Relrs

KeTh BCOK

Using Young’s inequality ab < % a™ + % b’

1
b= 8$h§' |Rg||% and arbitrary e > 0 and taking into account that 7/(7 — 1) = ,
this gives

Z: /RKwn+ Z /REwn

KeTh,n Eegh n

271 Z h}r{HRKHO,ﬂ';K
KeThn

+7 Y helRell} s
Eegh,n

> 3 {Eerarard

KeT,, BEOK

Yo _ = _
2(71—4?5 w5 er) Z Ric | Ricl|6,m:
KeThn

+ 72 1—2 Z hel|Re| 76

Eegh,n

hEHREHWE}
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This proves that

R AL

KETh,n Eegh,n (5.13)

: 4 . 2e
i {3 — 20 221775, a1 - 25 L)
T T
From Lemma 5.2 we also obtain

X Jprwns 3 [ pewe

KETh,n Eégh,n
=M E h}r(/ Drvgvg + o E hE/ Deygog
— K — E
KeTh E€Enn

+ 72 Z Z hE/KDKwEO'E‘

Ke%h,n EcaK

S'Yl Z C?)_thKHDK O,W;KHRK Z)T;r;lK
Ke%h,n
+12 Y ¢ helDellxelRell 5
Eegh,n
1
+ 72 Z cglc7hth HDKHOJF;K”REH;_EI-
Ke%h,n

Applying Hélder’s inequality and using once more the relation 7/(w — 1) = m, this

AR

KeThn Ec€én.n (5.14)
)71'—1 )

proves

< max{y1, Y2} max{cgl, 65_1, 05_107}5@’,;(772

Now we choose (recall that 1 < m, 7" < 00)

€= % , Yo = W/W_ll , M :1—1—4-2”_105_”07{.
This gives

min {71 — 72%61_”05”0?,72(1 — %)} =1 (5.15)
Equations (5.10), (5.12), (5.13), (5.14), and (5.15) prove estimate (5.9). N
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6. Estimation of the temporal residual

Recall that the function uy, is piecewise affine on the intervals [t,,1, ¢, and equals u}}

at time t,, and that the function ., is piecewise constant on the intervals (¢,,_1, ;]

n—1

and equals u?? = Qup + (1 — 0)u} ™" on (t,_1,t,]. The following lemma provides us

with sharp upper and lower bounds for the temporal residual.
6.1 Lemma. Define the residual r™ € W=17(Q), 1 <n < N, by
o) = [ { Voo Vi) V(i — )

+ Vo - Qu(x7 uzea VUZB)(UZ - “2_1)

+ vby(z, u?, Vu?) - V(up —up ) (6.1)

+ by (2, u? , Vup?) (uf — uz_l)}dx

Yo e WE™ (),
where the indices u and p denote the derivatives of the corresponding function with
respect to the second respectively third variable. Assume that the function G de-
fined in equation (4.2) satisfies the Lipschitz condition of Remark 4.3 and that ||u —

uhTHL’"(O,T;WOl’p(Q)) < Ry and Hu_ﬂhTHL’"(O,T;WOl’p(Q)) < Ry. Then the following upper
and lower bounds for the temporal residual are valid:

| Rr (unr) | Lo o,05w 1.7 (02))

N Lp N
Y -1
< {Z%HT?HZ,W} +§{Zmuuz—uz ||a:p}
n=1 n=1

N 1/]9
{zmurznm}
n=1

<2{p+ 1}1“’{ [ R ()| o 0,750 =17 (02)) (6.3)

N 2/r
Y n—
IR
n=1

Proof. From the definition (4.5) of the temporal residual we immediately obtain
RT(uhT) = G(ahT) - G(uhr)

1
- / DG(“’hT + S(ﬂh‘r - uhT)(ﬂhT - uhr)dS
0

= DG(ﬂhT)(ﬂhT - uh.,-) (64)

2 (6.2)

and

1
+ / (DG (unr + 5(iins — uns)) — DG (iine)] (line — uns)ds
0
= Rq(-l)(uh7'> + Rq(-z)(uh‘r)-

15



From the definition of the functions u, and uj, we conclude that

[ tnfl

A (6.5)

ﬂhT — Uhr = (6 -

A straight forward calculation yields for all ¢ € (1,00) and all n between 1 and N

b t—1 n—1
/ g L tntiagy - / 0= 2ltds = 7
th—1

Equations (6.5) and (6.6) in particular imply

1{0q+1 + (1 -0} (6.6)

1/r
[unr — uhTHL’"(OTWlP(Q)) {ZTn”Uh u2_1||;,p} :

This estimate and the Lipschitz continuity of DG yield an upper bound for the term
R? in equation (6.4):

1
) ~ 2
1B Cane) oo maw 1wy < g lune = Tnell o ooy

1 N 2/r (67)
57{2711\!”2—“ - 1} :
n=1

Since this is the second term on the right-hand sides of estimates (6.2) and (6.3), it re-

IA

mains to prove that HRQ) (unr)||Le(0,7;w —1.7(2)) is bounded from above and from be-
low by the corresponding multiples of {ij:l T?’LHTZ”]iLW}l/p' Equations (4.2), (6.1),

and (6.5) yield
[ tn—l

Tn

RW (up,) = (0 — )rt o on (tp—1,tnl. (6.8)

T

Combining this with equation (6.6) and observing that
279 < QI 4 (1— 9)q+1 <1

for all ¢ € (1,00) and all 6 € [$, 1], we obtain the estimate

1 1/p N L/p
e} e
{p+1 n=1

HR(TI) (unr) HLP(O,T;W*UF(Q))

N 1/1’
{zmur:ua,ﬂ} .
n=1

This completes the proof of estimates (6.2) and (6.3). N

IN

IN
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7. A preliminary a posteriori error estimate

The following lemma gives a posteriori error bounds which are reliable and efficient
in the sense described in the Introduction. However, they are not suited for practical
computations since they incorporate Sobolev norms of a negative order. In Section 9
we will bound these terms by computable quantities.

7.1 Lemma. Assume that the functions F,G,u,un,, and up, satisfy the conditions
of Lemma 4.2, Remark 4.3, and Lemma 6.1. Then the error between the solution u
of problems (2.1), (2.2) and the solution up, of problems (3.1), (3.2) is bounded from
above by

lu — upr ”Wr(o,T;W(}’”(Q),W*”(Q))

N 1/p
< c”{ luo — mouo|—1,x + {Z%[(m’i)” + ||7“?||’11,7r]} -1
n=1 ( : )

N 1/p N 2/r
+{2Tn(@ﬁ)p} +{ZTn||UZ—UZ_1H’{,p} }
n=1

n=1

and from below by

N 1/p
{Zm () + ||r¢||p1,r1}

n=1

= Cﬁ{ lu = wnr llyr o mowid-e ), w 1m0 (7.2)

N 1/p N 2/r
+ {Zrn(@g)f’} + {ZTnHU?ﬁ - uﬁ_lH’i,p} }
n=1 n=1

The quantities ny!, ©OF and r? are defined in equations (5.6), (5.7) and (6.1) respec-
tively.

Proof. The upper bound (7.1) immediately follows from the decomposition (4.6) of
the residual and Lemmas 4.2, 5.3 and 6.1.

In view of Lemma 4.2, the lower bound (7.2) is established once we have proved that

N 1/p
{Z o ()" + ||T7T'L||p1,7r]}

n=1

ot

N 1/p N 2/r
+{zfn<@z>p} +{ZTnHUZ—UZ_1H§,p} }
n=1 n=1
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We start with the r7-term on the left-hand side of estimate (7.3). From the decom-
position (4.6) and Lemmas 5.3 and 6.1 we obtain

N 1/p
{zfnur:n:,ﬂ}
n=1

<2{p+ 1}1/p{ | R (uns) ||LP(0,T;W‘1”‘(Q))

N 2/r
Y _
+1 {ZTMIUZ—UZ 1nq,p} }
n=1

auhT

(7.4)
<2{p+ 1}1/p{ HW + G(unr)| L 0,7;w 1.7 (92))

N 1/p
+ {Z Tl (07} + <@2>”1}

N 2/r
Y _
-,
n=1

To bound the nj’-term on the left-hand side of estimate (7.3) we set

N
t—1ln— af, N\p—T
w=> (a4 1)(—=)* ) " wWa Xty (1),
n=1

Tn

where the functions w,, are as in Lemma 5.3 and x(y,_, ¢,] denotes the characteristic
function of the interval (t,_1,t,]. The parameter o« > 0 is arbitrary at present and
will be fixed later. Since 0 < (t_i—:_l)o‘ < 1on [ty—1,t,) and since (p — 1)p’ = p, we
obtain from the second line of estimate (5.9) that

10l o o o= )

N 1/p’
< ci(a+1) { T () TP () (PP }

n=1
p—1

oS i)

n=1

Since

tn t—tn_1
/ (a+ 1) (—"=)%dt = 7,
t 1 Tn

n—

18



the first line of estimate (5.9) implies that
N
> i)’
n=1

< / Balun)ow) + 3 e ()™ ()P

n=1

n=1

T Up ¢ N o
§/0<Rh(u;” +CT{ZT,,1 @h} {Zm(ng)p} :

Equations (4.6) and (6.4) yield
T T
| Batwnn)w) = [ 4 Glune).w)
’ 1) ’ (2
- [ @O )0 = [ RO )0

Estimate (7.5) gives

r auhT
|+ ).

N P
auh‘r
<[5 + Glune) v o raw @i+ 1 {Zm } -

n=1

Estimates (6.7) and (7.5) imply

/O (RO (), w)
2/r =
{ZTnHuh l,p} t(a+1) {ZTn M) }

Equation (6.8) and the second line of estimate (5.9) finally yield

/0T<R(1)(Uh7) w)

wu

N t
. n t—tn1 t—tu 1.
=S T wa) () <a+1>/ (0 Ly(E It ya gy
n=1 tn—1 Tn Tn
N
- a+1
=307 ) a0 - )
a+1 1
<eilo - S Zmunu (P

L1 (& Up ¢ N 7
a n n
oo - S St { St}

n=1
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Equation (7.7) and estimates (7.6), (7.8), (7.9), and (7.10) give

N 1/p
{Z Tn(nﬁ)p}

a .
<ci(a+1)]| h

+ G(unr) |l e o,7:w 1.7 ()

2/r
+er(a+1)2 {Z Tnllul — u;-luq,p}

+1 1/p
« n
+epld - — {E T |77 lew} :

Inserting estimate (7.4) in this inequality we finally arrive at

N 1/p
{Z Tn(mﬁ‘)p}

a+1 3Uhr
<ci[(a+1)+ [0 — Q—H\Q{p + 17 + G(uns) |l e 0,0;w-1.7 ()
1 1/p
_a t 1/ n)
+CT[1+|0 a+2’0 2{p+1} p {ng@ } (7'11)
2/r
Y
+§CT[< )+|9——|2{ +1}1/p]{ZTnHuh uj, ||1p}
n=1

11 N 1/p
tg ¥ 1/ n
+eyellf a+2m@+w}p{2;ﬂva} .

Now we choose the parameter o such that the np-term on the right-hand side of
estimate (7.11) is balanced by the term on the left-hand side. For the mid-point rule,
ie. 0= %, this is obvious: We simply choose @ = 0 and the 7;'-term of the right-hand
side of (7.11) vanishes. In the case £ < 6 < 1 we choose

2K (20-1)
C2K(1-0)+1

with K = ¢;2{p+ 1}*/7.
This choice ensures that
1 1
crcl]o — Z—L\Q{er 1317 < 5 and a <2K.
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Hence, estimate (7.11) takes the form

N 1/p
{Z Tn(nﬁ)p}

oup,
SC{” 8: + G(uns)l Lo o, 7;w 17 () (7.12)

1/p

N 1/p 2/r
+ {ZTn(@Z)p} + {ZTnHUZ - UZ_IHLJ} }
n=1 n=1

with a constant ¢ that only depends on p, ¢; and cf. Estimates (7.4) and (7.12) prove
inequality (7.3) and thus complete the proof of the lower bound (7.2). N

8. Wli-stability results for the Laplacian

The results of the next section are based on the W1 4-stability of the Laplacian both
in its analytical and discrete form. We start with the analytical case. The following
result is well-known for domains with smooth C'-boundary (cf. [8]). For polygonal
domains, however, we are not aware of a proof. Recall that for ¢ € [1, 00| the dual
Lebesgue exponent is denoted by ¢’ € [1, 0] and is defined by % + % =1.

8.1 Lemma. For every convez, bounded, polygonal domain Q C R? and every
q € [1,00] there is a constant oy > 0 such that

VvV
Jo VvV > a. (8.1)

inf sup =
IVollo,ql[Vwllo,q

veW, Q) weW 7 (Q)

The constant og only depends on q and on the mazimum interior angle at the vertices
of Q.
Proof. Inequality (8.1) is proved in [8] for domains @ C R",n > 2, with smooth
C'-boundary. The proof is based on the following three auxiliary results:

1. Inequality (8.1) holds for R".

2. Inequality (8.1) holds for the half-space H; = {x € R" : 1 > 0}.

3. Inequality (8.1) holds for domains H, = {x € R" : 21 > w(xa,...,z,)} with

functions w € C*(R™™!) satisfying w(0) = 0 and [Vl oo mr-1y) < 1.

The third result is the only point where the smoothness of the boundary comes
into play. The smoothness condition on w can be relaxed to the condition that w
should be Lipschitz continuous and that its Lipschitz constant is sufficiently small.
This, however, does not help us since it would require that the interior angles at the
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vertices of {2 should be sufficiently close to 7. Instead we must prove that inequality
(8.1) holds for domains H, = {x € R*: |x3| < cx1} with ¢ > 0.

To verify this, choose a parameter ¢ > 0 and keep it fixed. Then introduce polar
coordinates to transform H,. to the strip {(r, ) : r > 0,|¢| < a} where a = arctan c.
Next apply the scaling r — 2?"‘7“7 o — %"‘gp to transform to the strip {(s,v) : s >
0, ] < §}. Then transform back to cartesian coordinates. The combination of these
transformations transforms H,. to the half space H,. Now, we already know that
inequality (8.1) holds for H,. Hence it also holds in polar-coordinates. Since the
left-hand side of (8.1) is invariant under scalings, inequality (8.1) holds in polar
coordinates on the strip {(r,¢) : 7 > 0, |¢| < a} and thus on H..

Once we know that we may replace H,, by H,., the rest of the proof of the lemma
proceeds as in [8]. O

8.2 Remark. When (2 is not convex but has a re-entrant corner with angle w > m,
Lemma 8.1 can at best hold for Lebesgue exponents ¢ € [1, %) This is due to the
fact that the singular solution r& sin(Z¢) of the Laplacian is in W4(0) only for this
realm of Lebesgue exponents.

In the proof of Lemma 8.1 the convexity is reflected by the fact that the transforma-
tion from polar to cartesian coordinates is globally invertible in the vicinity of convex

corners. For non-convex corners it is only locally invertible.

Now we come to the discrete case.

8.3 Lemma. Consider a convez, bounded, polygonal domain Q C R? and an arbi-

trary affine equivalent, admissible and shape regular partition T of ). Denote by
SHT)={ve ) :vlx e RY(K)VK € T,v=0onT} (8.2)

the space of continuous piecewise linear finite element functions corresponding to T .
Then for every q € [1,00] there is a constant B34 > 0 such that
Jo VorVuwr

inf sup > 0, (8.3)
vr €SY(T) wr€SI(T) HVUT 0,9 lva 0,9’ !

The constant B, only depends on q, on the maximum interior angle at the vertices of
Q, and on the shape parameter supxcrhi /pr of T.
Proof. We denote by Rt : T/VO1 1(Q) — SY(7T) the Ritz projection which is defined by

/ V(Rrv)Vwr = / VoVwr Yo e Wy (Q),wr € SY(T).
Q Q

Consider first the case ¢ € [1,2]. Then we have ¢’ > 2. From [7] and [4, Chap. 7] we
know that Ry is stable in the Wl’q/—norm, i.e., there is a constant ¢, > 0 such that

IV (Rrw)llo.g < cg|[Vwllog Yw e Wa? ().
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The constant ¢, only depends on ¢/, on the maximum interior angle at a vertex of
), and on the shape parameter of 7.

Consider an arbitrary function vz € S'(7) and a number § € (0,1). From Lemma
8.1 we know that there is a function ws € Wol’q/(ﬂ) with ||Vwslo,,, = 1 and

/ VurVws = daq||Vorlo,g-
Q

Together with the stability of the Ritz projection this implies

Jo VorVuwr . Jo VorV(Rrws)
o IVorlogllV(Rrws)lo
1, VorV(Rrws)

“cg [[Vorllogll
1 JoVurVus

sup
wrest (T [IVor|lo

,q ’VWT

>(5aq

Cq’

Since ¢ and vy were arbitrary this proves inequality (8.3) with 8, = =¢.

qu

One easily checks that (8.3) implies the stability of R in the W%-norm with ¢, =

L o Cq/
ﬁq o q
Now consider the case ¢ > 2. This implies 1 < ¢’ < 2. Since we already have estab-

lished the stability of Rz in the W4 -norm with Cq = 5 - 4 we can proceed as
q
in the case ¢ > 2 and obtain inequality (8.3) with 8, = ?; = aqc—?"' O

9. The final a posteriori error estimate

In this section we make computable the error estimator of Lemma 7.1 by replacing
the negative Sobolev norms of the r”-terms by computable quantities. This will be
done with the help of suitable auxiliary discrete Poisson equations.

As in Section 5 we choose an integer ¢ and denote for every n between 1 and N by

Qp;h,n<x’uh VU )7 uhn(xvuzevvuzg)7bp;h,n(xvuzevvuz ) buhn(aj uh ,VU )
the L2-projections of
a, (v, uj O vur®y, a, (x,uf®, Vur®), by (2, ul®, Vui®), b, (2, ul?, Vui?)

on discontinuous tensors, vector-fields and functions respectively which are piecewise

polynomials of degree ¢ on the elements of ﬁ,n. For abbreviation we set for every
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element K € ’ZN’h,n, every edge F € gh,n and every n between 1 and N

Ry = —div[a,, (2, up?, Vup?) - V(up —up™h)
—divia,.; (@, up O Vup?) (up —uph)]
+ by (2, up’, Vup?) -V (ujy —up ™)
+ by (@, up?, V) (uff — uf™hy,
R _aphn(w’uh ,Vap?) - V(ujy —up ™)
(0,03, V) (0 — ),
D =div[(a, (z,u’, Vup?) = app, (@, up?, Vup®)) - V(uf, —up ™))
— div](a, (@, U}, Vi) — @y (2, 0, Vup?)) (@ — =)

byl V) = by V) -V (uf, — ™)
ul

( x Uh ,Vu )_ buhn(x uh ,VU ))(uh - 'LLZ 1)’
D =(a p(x uh ) nG) - p;h,n(m up, ,Vu >) V (up _UZ 1)
+ ( (m uh vu ) - Qu;h,n(‘r uh ,VU ))(uh - U’Z 1)'

Of course, the right-hand sides of the above equations must always be interpreted as
the restriction of corresponding functions to the relevant element or edge.
Recall the definitions (6.1) of the residuals r” and (8.2) of the spaces S*(7).

9.1 Lemma. For every integer n between 1 and N denote by uj € Sl(’f]v}byn) the
unique solution of the discrete Poisson equation

/ VAo, = (0 un) Von € S (T ). 0.1)
Q

Define the error indicator iy by

Ke%h,n
1/n (9.2)
+ ) hEH[ﬂE'(VﬂZ—RE)]EM;E}
Eegh,n
and the data error é',’ll by
1/m
On =13 > hklDxl§ex+ > helDelrs : (9.3)
Ke%h,n Eegh,n
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Then there are two constants c; and ¢t which only depend on the polynomial degree
¢ and on the ratios hi /pk, such that

Il =1 < @ + IVaR o + OF},

~n ~ ~ n an (94)
M+ [IVaglloq < cifllr?ll-1,- + OF -

Proof. We choose an integer n between 1 and N and keep it fixed.
Lemma 8.1 implies that the Poisson equation

T

/ VUV = (1", v) Yo € WE™ (Q)
Q
admits a unique solution U™ € Wy ™(€) and that

. 1
VU llor < —Ilr7 -1,

K

The definition of the negative Sobolev norms on the other hand yields
72 -1 < TVU o7
Lemma 8.3 similarly gives

IVuillor < = lr7ll-1.7-

B

The triangle inequality therefore implies

1
U

]' : ~nNn N’I’L ~MNn
5 min{ar, IV fo.x + VO™ = @)llo.x}
< -1, (9-5)

< ||V777zl 0, + ||V(Un - EZ)”O,W'

Using standard arguments (cf. e.g. [9]) we infer from Lemmas 5.1 and 5.2 that

IV(U" — @) o < {77 + O},

~n rrn ~n an (96)
o < C{IVU"™ —ap)lor + O}

with constants ¢ and C which only depend on the polynomial degree ¢ and the ratios
hi /pk. Combining estimates (9.5) and (9.6) we arrive at the desired estimate (9.4)
of |72 =1,x- [

A standard duality argument for the L2-projection onto finite element spaces

yields
1/m

luo = mouoll 1.2 < D hilluo — mouo|If ik
KeTh o

Combining this estimate and Lemmas 7.1 and 9.1 proves our final result:
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9.2 Theorem. If the conditions of Lemma 7.1 are satisfied the error between the
solution u of problems (2.1), (2.2) and the solution uy, of problems (3.1), (3.2) is
bounded from above by

le = unellyr o oo @), w17 (52))

N 1/p
<ct { {Z o [(n)” + (R)P + HV%HS’,W]}

n=1

N 1/p
Zm (©5)" + (87" 1}
n=1

(9.7)
1/m
> Biclluo = mouol[§ - x
KeTn 0
N 2/r
; {zmuuh g |
n=1
and from below by
N 1/p
{Z Tul()? + ()" + IIV%HS),W]}
n=1
<cy { Ju— uhTHWT(O,T;WOl”’(Q))
(9.8)

N 1/p
{3 nienr + @1}

N 2/r
N {ZTnHUZ . uz-luz,p} }
n+1

The quantities n}., Z,ﬁg,é’,}, and uy are defined in equations (5.6), (5.7), (9.2),
(9.3), and (9.1) respectively.

9.3 Remark. The left-hand side of estimate (9.8) is our error indicator. Its first
term controls the error of the space-discretization and can be used for adapting
the spatial mesh. The second and third terms on the left-hand side of (9.8) control
the error of the time-discretization and can be used to adapt the temporal mesh.
The last terms on the right-hand sides of estimates (9.7) and (9.8) are not present
for linear differential equations. They control the linearization error that is implicit
in the discretization. Since they are computable, they can be used to control this
linearization error. These contributions are of high-order in the sense that up to a
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different LP-norm, they are similar to the square of the error indicator. The second
and third term on the right-hand side of estimate (9.7) and the second term on the
right-hand side of estimate (9.8) are data errors. In contrast to linear problems they
not only involve given data but the discrete solution as well.

9.4 Remark. Estimate (9.8) is based on the lower bound of Lemma 4.2. This in
turn follows from the lower bound in the abstract error estimate of Lemma 4.1. The
latter only involves the Fréchet derivative DF(u). Applied to differential equations
this corresponds to a linearized differential operator. Since such operators have a
local effect, the lower bounds can be localized. Therefore, as for linear differential
equations (cf. [12]), estimate (9.8) has an analogue that is local with respect to time.
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