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1. Introduction

We consider linear parabolic equations

%—div(DVu)-l—g-Vu—i—ru = f mnQx(0,T]

u =0 onlpx(0,T] (1.1)
n-DVu =g onI'y x(0,7T]

u = ug in )

in a bounded space-time cylinder with a polygonal cross-section Q ¢ R%, d > 2,
having a Lipschitz boundary I' consisting of two disjoint parts I'p and I'y. The final
time T is arbitrary, but kept fixed in what follows.

We assume that the data satisfy the following conditions:

(A1) The coefficients D € R4 ¢ e R? and r € R are constant.

(A2) The diffusion-coefficient D is symmetric positive definite and isotropic, i.e.

. 2Dz
A= min

>0
eRA\{0} 2Tz




and .
k=XA"1 max = sz = O(1).
zeRA\{0} 27z

(A3) The reaction term r is non-negative.

(A4) The Dirichlet boundary I'p has positive (d — 1)-dimensional measure and in-
cludes the inflow boundary {z € I : ¢- n(x) < 0}.

Assumption (A1) is made to simplify the exposition. In Section 9 we will deal with

variable coefficients. Assumptions (A1) — (A4) guarantee that problem (1.1) is a well-

posed parabolic problem. The parameter  is introduced in order to stress that the

ratio of the constants in the error estimates depends on the condition number of

the diffusion matrix. If this condition number is exceedingly large, length scales such

as element diameters must be measured in a diffusion-dependent metric in order to

recover robust estimates (cf. [3] in the context of elliptic equations). Assumptions

(A1) — (A4) cover a wide range of different regimes:

dominant diffusion: |c| < c.A and r < ¢, A with constants c., ¢, of order 1;

dominant reaction: |c| < c.A and r > X\ with constant c. of order 1;

dominant convection: |c| > .

Thus the present analysis unifies the techniques of [11] and [12] which are devoted to

the diffusion-dominated and convection-dominated regimes, respectively.

We use the A-stable #-schemes for the time-discretization of problem (1.1). The
spatial discretization is based on standard conforming finite element spaces using
the standard Galerkin formulation or a stabilized SUPG-scheme. For this space-time
discretization we analyze a residual error estimator and establish upper and lower
bounds for the error. The upper bounds are global with respect to space and time; the
lower bounds are global with respect to space and local with respect to time. The ratio
of upper and lower bounds is uniformly bounded with respect to any meshsize, to the
final time, and — most important — to ratios of the parameters A, |c| and r. Thus the
error estimates are fully robust. When dealing with dominant convection, the present
estimator requires the solution of an auxiliary discrete stationary reaction-diffusion
problem at each time-level. This is the price that we must pay for obtaining bounds
that are uniform with respect to |c[/A. The computational effort for evaluating the

error estimator then is comparable to an additional time-step for each time-level.

The error estimator consists of two ingredients: a spatial error indicator and a
temporal one. These can be used to monitor the space- and time-adaptivity seperately.
The spatial error indicator is a standard residual estimator corresponding to the semi-
discretization in time of (1.1). It could be replaced by any other reliable and efficient
error estimator for this type of problems such as, e.g., estimators based on the solution

of auxiliary local (in space) discrete problems.

The present results should be compared with older ones in [8]:
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(1) Here, we consider standard time discretizations which in particular cover the
implicit Euler and Crank-Nicolson schemes. In [8], we used a non-standard time
discretization which could be interpreted as an implicit Runge-Kutta method
and which covered the Crank-Nicolson scheme as method of lowest order.

(2) Here, the ratio of the upper and lower error bounds is independent of any mesh-
size in space or time and of any relation between these parameters. In [8], this
ration is proportional to 1+ h?7~! 4+ h =27 where h and 7 denote the local mesh-
sizes in space and time respectively.

(3) In [8], we considered genaral non-linear parabolic problems. Here we confine
ourselves to the linear case. An extension to non-linear parabolic equations is
under way [13].

The article is organized as follows. In Section 2 we introduce some function
spaces and norms. Section 3 is devoted to the finite element discretization. Using
energy estimates we prove in Section 4 that the error is equivalent to a residual
which is defined in a suitable dual space. This residual is split into three parts: one
corresponding to the approximation of the data, a contribution corresponding to a
spatial error, and a part corresponding to a temporal error. The latter can be further
decomposed into a diffusive and a convective part. In Section 5 we derive upper and
lower bounds for the spatial part of the residual. The temporal part is treated in
Section 6. Combining these results we obtain in Section 7 a first error estimator.
This estimator yields upper and lower bounds on the error and is fully robust in the
sense described above. However, it is not suited for practical computations since it
incorporates a dual norm of the convective derivative of the finite element solution.
This contribution is due to the convective part of the temporal residual. The results
of Section 7 show that sharp upper and lower bounds with parameter independent
constants for this term are mandatory for obtaining a robust and computable a
posteriori error estimator. This task is achieved in Section 8. As long as the convection
is not dominant we can simply bound the dual norm by a standard L?-norm that is
computable. This leads to Theorem 8.1 that covers the cases of dominant diffusion
and of dominant reaction. In the case of dominant convection, we bound the critical
dual norm by computable quantites based on the solution of a discrete stationary
reaction-diffusion problem at each time-level. This leads to Theorem 8.3. In Section
9 we finally present the modifications that are necessary to treat variable coefficients.

2. Function spaces

For any bounded open subset w of £ with Lipschitz boundary 7, we denote by H*(w),
k € N, L?(w) = H(w), and L?(«y) the usual Sobolev and Lebesgue spaces equipped
with the standard norms ||.[[xw = ||.[|gr(w) and ||.[lo;y = ||-[[z2¢y) (cf. [1]). Similarly,
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(.,.)w and (.,.), denote the scalar products of L?(w) and L?(v), respectively. If w = €,
we will omit the index €.

Set
Hy(Q)={ve H(Q):v=00onTp}. (2.1)

We equip H} () with the norm
2 211/2
llolll = {AIVollg +rllvll} (2.2)

where A is the smallest eigenvalue of the diffusion matrix D defined in Assumption
(A2) of §1. Due to Assumptions (A2) — (A4) this is the natural energy norm of
problem (1.1). The dual space of H} () is denoted by H () and is equipped with
the norm

{0, v)

llelll, = sup : (2.3)
veHL (2)\{0} 1]l
where (.,.) denotes the corresponding duality pairing.

H'/2(T'x) denotes the space of I' y-traces of H'-functions and is equipped with
the trace norm induced by the energy norm, i.e.

@l gr1/2(ryy = nf {[[v]l] : v € HH(Q) , v=ponTn}.

H~'/2(I'y) denotes the dual space of H'/?(T'y) and is equipped with the correspond-
ing dual norm. Thus the norms of H'/?(T'y) and H~'/?(T'y) depend on the energy
norm and consequently on the parameters A and 7.

For any seperable Banach space V and any two numbers a < b we denote by
L?(a,b; V) and L (a, b; V) the spaces of measurable functions u defined on (a, b) with
values in V' such that the function ¢ — ||u(.,t)||y is square integrable respectively
essentially bounded. These are Banach spaces equipped with the norms

b 1/2
full ooy ={ [ Tt}

lull e o by =ess-sup lul. )]y
(cf. [4, Vol. 5, Chap. XVIII, §1]). For abbreviation we introduce the space
X(a,b) = {u € L*(a,b; H,(Q)) N L>®(a, b; L*(Q)) :
Owu+ ¢ - Vu € L*(a, b; H_l(Q))}
and equip it with its graph norm

o ={esssup o003+ [ Gl
(2.5)

+ [ Mo+ wu ol
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Here the derivative 0;u has to be understood in the distributional sense [4, loc. cit.].

The weak form of problem (1.1) consists in finding w € L?*(0,7; H5(Q)) such
that dyu € L2(0,T; H=*(Q)), u(.,0) = ug in H~1(Q2), and for almost every t € (0,T)
and all v € H}(Q)

(Osu,v) + (DVu,Vv) + (c- Vu,v) + (ru,v) = (f,v) + (g,0)ry- (2.6)

Assumptions (A1) — (A4) imply that problem (2.6) admits a unique solution (cf. e.g.
2], [4])-
For later use we note that integration by parts and Assumptions (Al) — (A4)
imply
(DVv, Vo) + (¢ Vo,v) + (rv,v) > |[o]|> Yo € Hp(Q). (2.7)

Similarly, Assumptions (A1) and (A2) and definition (2.2) yield

(DVv, V) + (rv,w) < slllolll [lwl]  Vv,w € Hp(Q). (2.8)

3. Finite element discretization

For the discretization we choose an integer N > 1 and intermediate times 0 = ¢ty <

tih<...<ty=Tandset 7, =t, —t,_1, 1 <n < N. With each intermediate time

tn, 0 <n < N, we associate a partition 7j, ,, of {2 and a corresponding finite element

space X}, . These have to satisfy the following conditions:

(1) Affine equivalence: every element K € 7}, ,, can be mapped by an invertible affine
mapping onto the standard reference d-simplex or the standard unit cube in R

(2) Admissibility: any two elements are either disjoint or share a vertex, or a complete
edge, or (if d = 3) a complete face.

(3) Shape-regularity: for any element K the ratio of its diameter hx to the diameter
pk of the largest inscribed ball is bounded uniformly with respect to all partitions
71, and to N.

(4) Transition condition: for 1 < n < N there is an affinely equivalent, admissible,
and shape-regular partition ’j'hn such that it is a refinement of both 7; , and
Th,n—1 and such that

h K’
sup  sup sup

< 0.
1<n<N e, | K'€TnmKCK! hk

(5) Each X}, ,, is a subset of H},(Q2) and consists of continuous functions which are
piecewise polynomials, the degrees being bounded uniformly with respect to all
partitions 7}, , and to V.



(6) Each X}, ,, contains the space of continuous, piecewise linear finite elements cor-
responding to 7, ;.

Condition (1) restricts quadrilateral elements to parallelograms and cubic elements
to parallelepipeds. In two dimensions, triangular and quadrilateral elements may
be mixed. In three dimensions this is also possible if one adds prismatic elements.
Condition (2) excludes hanging nodes. Condition (3) is a standard one and allows
for highly refined meshes. However, it excludes anisotropic elements. Condition (4) is
due to the simultaneous presence of finite element functions defined on different grids.
In practice the partition 7j, ,, is usually obtained from 7}, ,—1 by a combination of
refinement and of coarsening. In this case Condition (4) only restricts the coarsening.
It must not be too abrupt nor too strong. Condition (4) is not needed when using
the implicit Euler scheme, i.e. § = 1.

We choose a parameter 0 € [%, 1] and keep it fixed in what follows. For every
time-level n > 1 we introduce the abbreviation

f=0f(ty)+ (1 =0)f(tn1), g™ =0g(.,tn) + (1 —0)g(., tn_1).

Then the space-time discretization of problem (1.1) consists in finding u} € X ,,
0 <n < N, such that
U% = TtoUQ (31)

and, forn=1,...,N, and all v, € X3, ,

n n—1
Up — Uy

( ;o) +H(DV (Oujy + (1= O)up ™), Vo)

+(c- V(Oup + (1= 0)up™ "), vs)
+(r(Bup + (L= O)up '), vp)

n__ ,n—1

+ 3 k(BT div(DV(Gu + (1 - O)up )

Tn
KeTy p (32)
+c-V(Oup + (1 - 0)up™)

+r(Quy + (1 — Q)UZ_l) , ¢ Vup)k

=(f"vn) + (6" on)rn + Y Ok (f" - Vou)k.
Ke%h,n

Here, 7 denotes the L?-projection onto X} o. The dx are non-negative stabilization
parameters. The choice dx = 0 for all K yields the standard Galerkin discretization;
the choice dx > 0 for all K corresponds to the SUPG-discretizations (cf., e.g., [5],
[6]). In what follows we will always assume that

Sklel < hx VK € Thpn, 0<n<N. (3.3)
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This condition is satisfied for all choices of dx used in practice.

Assumptions (A2) — (A4), and (3.3) and standard arguments for SUPG-discre-
tizations (cf., e.g., [5], [6]) imply that problems (3.1), (3.2) admit a unique solution
(up)o<n<n. With this sequence we associate the function wj , which is piecewise
affine on the time-intervals [t,_1,t,], 1 < n < N, and which equals u} at time ¢,,
0<n<N\.

For abbreviation we denote by f}, » and g, - functions that are piecewise constant
on the time-intervals (t,_1,t,], 1 < n < N, and which equal the L?-projection of
f? onto the space X}, and the L2-projection of g"? onto the space of traces of
X, n-functions respectively. With this notation we can replace in (3.2) the functions
™ and g™ by fn,r and gy, -, respectively.

4. The equivalence of error and residual

With the function uj . defined by the solution of problems (3.1), (3.2) we associate
the residual R(uy ) € L?(0,T; H=1(2)) via

<R(uh77')7 U> :(fa U) + (97 U)FN - (atuhﬂ’v U) - (Dvuh,‘f" VU)

4.1
— (¢ Vup,7,v) — (rup,-,v) (41)

for all v € H}(Q). The following lemma shows that this residual and the error
u — up, » are equivalent. Its proof is based on standard energy estimates. Recall that
HL(Q) and H=1(2) are equipped with the energy-norm |||.|| and the dual norm |||.]||,
respectively.

4.1 Lemma. For all w € L*(0,T; H5(Q)) the following lower bound on the error
holds

T
t/<me»wmﬁsvﬂ+KWu—umwX@nwwmm¢ﬂme (4.2)

0

where k is the constant of Assumption (A2). Conversely, for all n between 1 and N,

the error can be bounded from above by

=t lx(0a,) < {200+ %) uo = mouol

2 2 Lo (4.3)
+ 22+ 5[ R(un o)1) b
Proof. Equations (2.6) and (3.2) imply for all v € H}(Q) that
(Or(u —up ), v)+(DV(u —up ), Vo) (4.4)

+(e-V(u—upy),v)+ (r(u—upr),v) = (R(up,r),v).
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This identity, definitions (2.2) and (2.3) of the norms [||.||| and |||.]||,, and inequality
(2.8) yield for all 0 < t < T and all v € H}(Q) the estimate

(R(un,r),v) <[[0(u = un,r) + - V(u—=unz))( L]
+ Al (w = un ) G O[]l

Taking into account the definitions (2.4), (2.5) of X(0;7") and of its norm, this esti-
mate proves the bound (4.2).

To prove estimate (4.3) we choose an integer n between 1 and N and a time ¢ between
0 and ¢,, and insert v = (u—wup_;)(.,t) in equation (4.4). Taking into account inequality
(2.7), this gives

= ) B = ) P

<(O(u—unr) (1), (u—unr) (1) + (DV(u = upr)(, 1), V(= up,7)(-, 1))
+ (c¢-V(u—up-)( 1), (u—un-)(,t) + (r(u—un-)(,t), (w—up-)(. 1))
=(R(un7) (1), (u = unz)(.,1))

<!HR(uhT)( Ol (w = un, ) O
SglllR(uh,T)(~7t)l|l* + §|Il(u —up,) ()|

S

and thus

%H(u = up, ) (S )G A Nl = ) GO < (R, (DI

Integrating this estimate from 0 to ¢ implies

t
1(u = un ) ()5~ lluo — mouoll§ + /O Il = wnr) s 8l ds

<||R(un,r) H2L2(0,t;H*1 ()
< R(un T2 (0.4, ()

Since t € (0,t,] was arbitrary, this yields
[ = e |7 e 0,222y < w0 = Touoll§ + 1 R(un ) 7201, .11 () (4.5)
and
1= 120t ey < o = Mot 2+ 1R Cun 3o gy (4:6)
Equation (4.4) and estimate (2.8), on the other hand, imply
194t — wne) + ¢ V= wn)ll, < IR, + sl — el
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Taking the square of this inequality, integrating from 0 to ¢,,, and inserting estimate
(4.6) we arrive at

[0¢ (v — up,r) + - V(u— uh,T)H%?(O,tn;H*l(Q))

SzHR(uh,‘F)”2L2(0,tn;H*1(Q)) + 2’12““ - uh,TH%Z(O,tn;Hb(Q))

(4.7)
<2k2|Jup — mouol|3
+ 200+ &) R(un )T 20,1, 11-1.(02))
Combining estimates (4.5) — (4.7) proves the bound (4.3). l

The subsequent analysis relies on an appropriate decomposition of the residual
R(up,-). To this end we recall the definition of the functions f3 r and g, , at the end of
§3 and define a temporal residual R, (up, ,) € L*(0,T; H~1(Q)) and a spatial residual
Ry (up,-) € L*(0,T; H-1(Q)) by setting — for all v € H,(Q) and all 1 <n < N —

(R (up,-),v) =(DV(Quy, + (1 — 9)u2_1 — Up,r), V)
+ (c-V(Oup + (1 — 0)uy~ t_ Uh,7), V) (4.8)
+ (r(u) + (1 — 0)uy ™" —upr),v) on (tn—1,ts]

and )
n n—
Up — Uy,

(B (un,r),0) =(Fars0) + (gh,ro V) = (F———0)
— (DV(Bup + (1 = 0)u ™), Vo) (4.9)
— (¢ V(0uy + (1= 0)up 1), v)
= (r(Oup + (1= 0)up ™), v) o (tn—1,tnl.
The discretization of the data is taken into account by a data-residual Rp(up, )
€ L%(0,T; H=1(Q)) which is defined by

(Rp(un,7),v) = (f = forrv) + (9 = Gh,rs V)T y - (4.10)

n_,n—1
Since Oiup, r is piecewise constant and equals s Tuh on (t,—1,t,], we obtain the
decomposition
R(uh,r) = RD(Uh,T) + RT(th) + Rh(uh77). (4.11)

5. Estimation of the spatial residual

For the estimation of the spatial residual Ry, (un, ) we need some additional notations.
We denote by Eh n, 1 < n < N, the set of all edges (if d = 2) respectively faces (if
d = 3) of ’27“1 With each edge or face F € Ehn we associate a unit vector np
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orthogonal to E such that it points to the outward of €2 if E lies on the boundary.
For every edge or face E that is not contained in the boundary I' we denote by
[.]g the jump across F in direction ng. The quantity [.]g of course depends on the
orientation of ny, but quantities of the form [ny - .]Jg are independent thereof. With
each edge respectively face we associate the set wg which is the union of the elements
that share F.

We recall the definition of the functions f} » and g, - at the end of §3 and define
element residuals Rg, K € 7, ,, 1 <n < N, by

uy u !

Ric =fnr — ——t— +div(DV(0uj; + (1 = O)u; ™)) (5.1

—c-V(Qup + (1 — G)uz_l) —r(Qup + (1 — H)UZ_I),

and edge respectively face residuals Rg, F € gh,n, 1<n <N, by

— [ng - DV(Oup + (1 -0y~ "], HEZT,
Rp =1 ghr—ng-DV(ul + (1 —0)u"') if ECTy, (5.2)
0 if ECTp.

Here, of course, (u})o<n<n denotes the solution of problems (3.1) and (3.2).

For every n between 1 and N we denote by N, the set of all element vertices
in 7, , that do not lie on the Dirichlet boundary I'p. With every vertex x € N h,n We
associate the nodal bases function A\, which is uniquely defined by the properties

)‘90|K S Rl(K) VK € 771,77,7 )\I(y) =0 Vy c Nh,n\{x}, )\x(ac) =1.

Here, as usual, Ry (K) denotes the set of all polynomials of total degree k, if K is a
simplex, and of maximal degree k, if K is a parallelepiped. The support of a nodal
bases function A, is denoted by w, and consists of all elements in 7}, that share
the vertex x. With this notation we can define a Clément-type interpolation operator
Iy : LNQ) — {9 € C(Q) : ¢k € Ri(K) forall K € Tp, ;0 = 0 on T'p} by (cf.

[10]) o 1
¥ = me%n { o] /w v} Az (5.3)

Here |w,| denotes the d-dimensional Lebesgue-measure of w,. Due to Condition (6)

of Section 3 the image of I}, ,, is contained in X}, ,,.

5.1 Lemma. For every S € ﬁ,n U gh,n, 1 <n < N, denote by hg its diameter and
set
ag = min{hgA ™2 =12}, (5.4)
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Then the following estimates hold for all n between 1 and N, all elements K € ’ﬁ,n,
all edges respectively faces E of K, and all function v € H(£2)

v = Ihvllox < craxlvllz,

o= Lollos < esA™Y4al?lo])

< P
Hrollle < ealllvlllg, -

Here, O is the union of all elements in Ty, ,, that share at least a vertex with the
element K' € Ty, ,, that contains K and |||.||| 4 denotes the restriction of |||.||| to the
measurable set A.

Proof. Taking into account Condition (4) of §3, the proof of Lemma 5.1 follows from
Lemma 3.1 in [9] and Proposition 2.1 in [10] with the arguments used in the proof of
Lemma 3.2 in [9]. O

5.2 Remark. In the case r = 0 the minimum in (5.4) of course yields ag = A~'/?hg
for all S.

For every element K € ﬁ,n, 1 <n < N, we denote by Nx the set of its vertices
and set
v =7k [] e (5.5)
zENK
where the constant v is choosen such that i equals 1 at the barycentre of K. Note
that the support of ¢k is contained in K and that ||t p~x) = 1.
For every edge respectively face F € gh’n, 1<n <N, we set

0 = min{A\V/2r"1/2p 2t 1) = hp' AV 2ap (5.6)

and denote by Np the set of its vertices. (Note that g = 1 in the case r = 0.)
Consider first an edge respectively face E that is not contained in the boundary. It
is shared by exactly two elements Kg 1 and Kg 2. For ¢ = 1,2 we define an affine
transformation Fj : RY — RY as follows: We first map Kpg,; onto the reference
element such that the image of E is contained in the hyperplane {z; = 0}; then we
apply the transformation (z1,...,zq-1,24) — (z1,...,24-1,0px4); and finally we
transform back with the inverse of the affine transformation of the first step. With
this definition we set

@ZJE:")/E H )\mOFi_l on KE7¢ ,i=1,2, (57)
a)ENE

where the constant g is choosen such that ¥ g equals 1 at the barycentre of E. Note
that the support of g is contained in Fy(Kg 1)U Fo(Kg2) C Kpi1 UKgo = wg
and that ||[Yg| L~ = 1.
If an edge respectively face E is contained in the Neumann boundary I' ; the defintion
of ¥ is modified in the obvious way taking into account that now FE is the face of
exactly one element Kg.
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5.3 Lemma. The following estimates hold for all n between 1 and N, all elements
K € Ty, all polynomials v € Ry (K), all edges respectively faces E € &y, and all
polynomials o € Ry(E)

v

(v, vk = ellvlig,

1Vrvlll
(07 ¢EU)E
lveoll,,

[¥E0 0w

IN

csa lvllosk

v

CGHO-”g;E?

e\ a2 o]0,

IA

esA a0,

IN

Here, a polynomial o defined on an edge respectively face E is continued in the canon-
1cal way to a polynomial defined on RY. The constants C4,...,cg only depend on the
polynomial degree k and on the ratio hi /pr .

Proof. The estimates are proven with the same arguments as in the proof of Lemma 3.3
in [9]. For parallelepipeds one only has to take into account that the transformation
to the unit cube is affine and thus has a constant Jacobian. N

With these preparations we are now ready to bound the spatial residual.

5.4 Lemma. For every n between 1 and N define a spatial error indicator n; by

1/2

> aklBRilizgo+ D, A VPap|Reli g : (5.8)
Ke:j:h,n Eegh,n

=
>3
I

Then, on each interval (t,,—1,ty], the spatial residual is bounded from above by
I B (un, )l < et (5.9)

Moreover, there are functions w, € H(Q) such that on each interval (t,_1,t,] the

spatial residual is bounded from below by

(71)? < (Rn(un,r), wn),

. (5.10)
llwnlll < ety

The constants c' and ct depend on the ratios hx /pr in Condition (3) of §3. The
constant ¢t in addition depends on the ratios hy:/hy in Condition (4) of §3. The
constant c; in addition depends on the mazimum of the polynomial degrees of the
finite element functions.

Proof. Choose an integer n between 1 and N and keep it fixed in what follows.
Since ’i’h’n is a common refinement of 7}, ,, and 7}, 1, the functions u} and u’,:_l are

piecewise polynomials on the elements of %h,n. Therefore we may integrate by parts
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on the elements in ’i’hm and obtain the following L2-representation of the spatial
residual

(Ru(unr),v) = > (Rk,v)x+ Y (Re,v)E. (5.11)

Ke:zv—h,n Eegh,n

Lemma 5.1 and the Cauchy-Schwarz inequality therefore imply for all v € H}(Q)

(Rp(up,7),0 — Ipnv)

1/2
_ 5.12
Scmvm{ S ol Relie+ S A 1/2aE||RE||3;E} . (612

Ke%h,n Eegh,n

The constant ¢ only depends on the constants ¢; and c; of Lemma 5.1 and on the
ratios hy /pk.
From the definition of problem (3.2) and the definiton (4.9) of the spatial residual we
conclude that

(Rp(un,r), Innv) = Z dx(Ri,c- VI nv)k.
KE%h,n

Invoking a standard inverse estimate we obtain for all elements K that

e VInmvllosse <le| min{|V I nollo, erhig | oo

<crlelhi ak [ Tnnvll

where the constant ¢; depends on hg/pr. Lemma 5.1, condition (3.3) and the
Cauchy-Schwarz inequality therefore imply

1/2
(Rh(Uh,T)Jh,nwSCH!UIH{ >, O‘%(HRKH?);K} : (5.13)

KE%}L’”

Equation (5.11) and estimates (5.12) and (5.13) prove the upper bound (5.9).
For the proof of the lower bound (5.10) we proceed as in the proof of [11, Lemma
5.1] and define the function w, by

wn =71 Y, aix¥kRik+v Y A apppRe. (5.14)
KT n E€En,n

The constants vy; and 5 are arbitrary at present and will be determined below. The
subsequent arguments are based on the following observations:

— the supports of the ¢k are mutually disjoint,

— the support of a 1k intersects the support of at most 2d different ¥ g’s,

— the support of a g intersects the support of at most two ¥ x’s,

— the support of a g intersects the support of at most 2d — 2 other ¥ g’s.

13



Lemma 5.3 therefore yields

2 2
lwnll* <2i D akllvxRcllx

Ke%hm
+27172 Y Y. aidPag|lvr RilicllveRell

ez, \Bwsniro (5.15)
+7 ) Y. A lapawl[veRell,,llve Rell,,,

Eegh,n E'wpNwg #0

<(2d + 1) max{7,3} max{cs, cr} (nf)"
Since hg < hx for all edges respectively faces F of any element K, Lemma 5.3 also
implies that

Z (RK7wn)K+ Z (RE,wn)E

Ke%h’n Eeghyn

= Y ak(Ri,¥xRx)k +7v Y AN Pap(Re,vpRe)p
Ke%h,n Eeg;hn

+ 72 Z Z A Y205 (Rk, YERE) K

Eegh,n K;KNwg#0

>n Y adklBelix +w Yo cdPas|Relis

KeTnn BeEnn (5.16)

‘I S asa Vi fak | Rillox |[veRe o
Eegh,n K;KNwg#0

>(y16s — 2dyacieg ) Z || R |13, x
Ke%h,n

1 _
+ 572¢C6 Z A 1/204E||RE||3;E

2 —
Eegh,n
. 2 —1 1 n\2
> mins vyicq4 — 2d720306 ,5’7206 (77h) :

2 1 4dc?
Y2 =— and 712—(1+ 628>-
6

Now we choose

This choice gives
. 11
min {7104 — 2dvacies 5’7206} =1

Estimates (5.16) and (5.15) and equation (5.11) now imply the lower bound (5.10).
O
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6. Estimation of the temporal residual

The following lemma provides us with sharp upper and lower bounds for the temporal
residual.

6.1 Lemma. For every integer n between 1 and N the temporal residual is bounded
from above by

{7 it ozas) ™

1 n n—
<y 50+ {ll: =P + e 9 - DI}

(6.1)

For every interval (t,—1,t,] and every real number § larger than 0 and less than 1
there is a function z, s € L*(0,T; H;(Q)) such that the temporal residual is bounded
from below by

/n (R (tn ) (o 8), 25 (s 8)) s

tn—1
0 n n—112
> o5y LUk = Bl VG DI

(7 Wenateoifas) ™
<y 2t (g = w0 + e 9 -2}

Here, k is the constant of Assumption (A2) of §1.
Proof. Since the function uy, , is piecewise affine with respect to time, we have on

(6.2)

each time interval [t,,_1,t]
m m—1 t—tm—1 m m—1
Oup' + (1 —0)uy' ™ —up,, = |0 — ———| (up" —up' 7).

Tm

For abbreviation we define for each m between 1 and N the quantity r,, € H~1(Q)
by
(rm,v) =(DV (! —up'™ "), Vo) + (e V(uy” —u' ™), v)

+ (r(up’ —up'™ b, v) Yo € HH(Q).

Then we obtain the following representation of the temporal residual

t—ty—
R (up .) = {9 — —1] T'm on (ty—1,tm], 1 <m < N. (6.3)

Tm
A straightforward calculation gives

/tTYL
t

m—1

[G—H—m_lrdt—fm 6% + (1 - 6)°]

Tm

15



and consequently

1 tm t—tm]? 1
S < -l g < o 6.4
2’ = /t 1 { T } = 3" (6.4)
From inequality (2.8) we conclude that

lrmlll, <sllug =y =+ lle - V(uht = ui I,

1/2
<V R =P+ fle- Vi — ek

Equation (6.3) and inequalities (6.4) and (6.5) prove the upper bound (6.1).
Due to the definition (2.3) of |||.|||, there is for each § € (0, 1) a function ¢,, s € Hp,(£2)
with

(6.5)

llem,slll = llle - ¥ (up —uj=H)|I,.
(c- V@ —ul ™), oms) = dlllc- Vup — w2,
We set
Cmys = (Ut —ul ™) + Yom.s, (6.6)

where 7 is a constant that will be fixed below. Obviously we have
lm.slll < max{1,7} {lllup’ = up =l + llle - V(up' = ui DIl -
Inequalities (2.7) and (2.8) on the other hand yield

m —1112 m — 2
(s Gm,s) llup = up I + 6l - V(ug = wp I

—yllg = e - e — gl
1
> {1 g0t il = e
1 2
+ Lylle- Vg —u .

Now we choose

26
R >
and obtain
lGm.slll <lllh' = up = Il + llle - V(i = ui= L,
4 m m—112 m m— 2 (67)
(e Gns) 25 (e = P + e W D12}
Equation (6.3) and estimates (6.4), (6.7) show that the function
t—tm—
Zm,s = |:09 — —1:| Cm,é
Tm
yields the lower bounds (6.2). O
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6.2 Remark. The arguments used to prove estimates (6.7) yield the inf-sup condi-

tion
D . 1 1
inf S ( CU,CU))—I—((_J C’U,’U))—F(?“U,’U)>>

p 5 . P
verh@wenb©@ AT+ llle- VolllL /2wl V21+K?

A similar result is established in [7]. There, however, the infimum and supremum are
both taken with respect to the same norm which is defined by interpolation between
Il and [[|.|Il + |llc - V.|Il,- But the present result is better suited for our purposes.

7. A preliminary a posteriori error estimate

The following lemma provides us with a posteriori error bounds which are robust in
the sense described in the Introduction. However, they are not suited for practical
computations since they involve terms of the form ||c- V(u} —u}~1)]||,. In the next
section we will bound these terms by computable quantities. Recall that H~1(Q) is
equipped with |[||.|||,.

7.1 Lemma. The error between the solution u of problem (2.6) and the solution
up,+ of problems (3.1), (3.2) is bounded from above by

|lu—un, | x01) <

C*{Huo — Touoll§

A ny\2 n n—12 n n—1y12 (71)
> [ )7 st = M P + e - Ve — I
n=1
1/2
2 2
+f - fth”L?(O,T;H*l(Q)) +1lg - ghaT”L?(O,T;H*l/?(FN))
and on each interval (t,—1,t,], 1 <n < N, from below by
1/2 ny\2 n n—12 n n—1y2 1/2
/2L i) + i = =P + e Vs — w712}
<eo{ llu = uns e, roen) (7.2)

5 5 1/2
‘LQ(tn_l,tn;H—l(Q)) + ||g o gthHL2(tn_1,tn;H—1/2(FN))} )

+ ||f - fh,T

The quantity ny is defined in equation (5.8). The constants c¢* and c, depend on
the ratios hx /pr. The constant ¢* in addition depends on the ratios hi /hy . The

constant ¢, in addition depends on the maximum of the polynomial degrees of the finite

17



element functions and on the constant k of Assumption (A2) of §1. All constants are
independent of the final time T, and the parameters X, |c|, and r.

Proof. The upper bound (7.1) follows from estimates (4.3), (5.9), and (6.1) and the
decomposition (4.11) of the residual.

For the proof of the lower bound (7.2) we choose an integer n between 1 and N and
a real number ¢ larger than 0 and less than 1. First we insert the function z, s of
Lemma 6.1 into the representation (4.11) of the residual. Estimates (6.2), (5.9), and
(4.2) then imply

0 n n— n n—
20 + 2>Tn{|““h—uh P+ lle - g — w7

IN

(un-)(58), Zns(.,s))ds

and
tn

/ " Runs) (s 8) = Ro(uns)(er8) = Ri(nr)(or8), 2ns (s 8))ds
/ R(up.+)(.,s) — Rp(un+)(.,s) — Rn(un+)(.,8), 2n,s(., s))ds

tn—1
1

tn—
2 n n—1(2 n n— 2 1/2
sf 32 Ll = =P+ e V(g — a7 12
{\/ 1+H2||U_uh7'||X(tn 1,t +Hf thHL2(tn Ltn H-1(Q))

+ Hg - gthHLz(tn_l, ~1/2(T'y)) +c TI/QUZ}

tn;H

Since § € (0,1) was arbitrary and since \/g < 1 this yields the estimate

1/2

_ 2 _ 9

SR [ N ER Y (R [
Sc’{, /14 Kk2||u— uh,THX(tn,l,tn) + ||f — fur

+H9 ghT”L?(tn Lt H-1/2(Ty ))+CT 1/2772}

n—1,tn; H=1(Q))

with ¢/ = 12(1 + x?).

Next we insert the function (a+1) (
residual. Here w,, is the function of Lemma 5.4 and o denotes a non-negative constant
that will be determined below. Estimate (5.10) and the decomposition (4.11) of the
residual then yield

) < [ et ) (L) (R ) )t

tn—1 Tn

«
ti:—”‘l wy, into the representation (4.11) of the

Tn

:/ttnl(oz +1) (ﬂyx (R(un,r) — Rp(un,) — Ry (un,r), wn)dt.

n—

18



Since

t 2« 2
" t—th_1 (a+1)
1?2 —2=) dt=-—"1,<2a+1
/t 1(04—}— ) ( o ) 2a+17'n_(a+ )T,

n—

estimates (4.2) and (5.10) imply that

/t::(a +1 <m)a (R(un,r) — Rp(un,r), wn)dt

Tn

<V2a + 1CTT%/2772{\/ T+ &2 w = wnr || X (1 t)

= Pl oy 1)

2
‘L2(tn717tn;Hil/2(FN)) }.

tn . a .
/ (a+1) (—t tnl) {9——t t’”}dt:(@—oﬁl)rn
. Tn Tn a+2

n—1

+ Hg — Gh,7

Since

and /1 (1 + k2) < &, we conclude from estimates (5.10) and (6.1) that

/ttnl (at-1) (M)a (Rr(un,r), wn)dt

n— Tn

a—+1
o+ 2

<o-

wermrn{ g =1+ lle- Vi =L ).

Combining these estimates and inserting inequality (7.3) we arrive at the estimate

2 a+1 2

o 1) <0 = S5 i, (o)
1/2, n ., 1 \/7 a+1
+ 7,/ “npcre 20+ 1+ 0_a+2

Al = sl
1 = Frrll L2100

2
+ Hg - gh,THL2(tn_1,tn;H—1/2(FN))}

with constants ¢’ and ¢’ that only depend on the constants &, ct, and cf.
Now we choose the parameter « such that the first term on the right-hand side of
inequality (7.4) is balanced by the term on the left-hand side. In case of the Crank-
Nicolson scheme, i.e. § = %, this is obvious: We have to choose a = 0. In the remaining
cases % < 0 <1 we set
2c4c"(20 — 1)
- 2c;c"(1—-0)+1
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Since we may assume that ci¢”” > 1 this implies

a+1 a+1 1
<6 d |0— "< -
at2=" ™ ‘ at+2| =2
Estimate (7.4) therefore takes the form
/2t <e{ llu = wn el x 0o sot)
{1 = Frrll oot (7.5)

2
+1lg - gh,fHLz(tn,l,tn;Hfl/%FN))}

with a constant c¢ that only depends on the constants k, ct, and c'. Estimates (7.3)
and (7.5) obviously imply the lower bound (7.2). O

8. A robust a posteriori error estimator

In this section we derive computable and robust bounds for the terms |||c - V(u} —
ui1)]||, in Lemma 7.1. To this end we must distinguish two cases:

small convection: |c| < c,A\"/? max{\,r}'/? with a constant c. of moderate size;
large convection: |¢| > A2 max{\,r}'/2.

In the first case the situation is quite simple since we can bound ||c - V(u} —
ui )|l by llu —uf || times a constant of moderate size. To be precise denote by
cq the constant in the Poincaré inequality

lwllo < calVwllo Yw € Hp(Q).

This estimate and the definition (2.2) of the energy norm yield for all v,w € H,(£2)
the estimate
(¢~ Vo, w) <|¢[[[Vollofwllo
<le]A™ 2ol min{r =12, c@A™ 2wl
<max{1, co} /A% min{r /2 ATV2}[lo]|| ||[wl]
=max{1, ca}le|A™ /2 max{r, A} 2 [|Jv]] [|lw]]

<max{1, ca}ec[[|v]l] [[lwl]-

Recalling the definition (2.3) of the dual norm this implies that
lle - ¥ (uiy = up ™Dl < max{1, ca}ecllujy —up ™ . (8.1)

When bounding the convection term in (7.1) using estimate (8.1) and dropping the
convection term in (7.2), we arrive at the following result for the case of small con-

vection:
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8.1 Theorem. Assume that |c| < ccA'/? max{\, r}'/? with a constant c, of moderate
size. Then the error between the solution u of problem (2.6) and the solution up . of
problems (3.1), (3.2) is bounded from above by

|u—unq|lx01) <
é*{Huo — mouol|

N
£ 3 m[)? + g — ] 52

n=1
1/2
2 2
+[f = fth||L2(O,T;H—1(Q)) +]lg - gth”L?(O,T;H—l/?(FN))}

and on each interval (t,—1,t,], 1 <n < N, from below by

1/2
2 — 2
a2 o)+l — w1

<cx { ||U — Up,r

‘2
X(tn—17tn)

, 8.3
= Pl s o1 &

5 1/2
+lg = gn.r ‘LQ(tn_l,tn;H—l/Z(FN))} .
The quantity ;' is defined in equation (5.8). The constants ¢* and c,. depend on
the ratios hi /pi. The constant ¢* in addition depends on the ratios hyi:/hi and
on the constants c. and cq. The constant c, in addition depends on the mazimum
of the polynomial degrees of the finite element functions and on the constant k of
Assumption (A2) of §1. All constants are independent of the final time T, and the

parameters X, |c|, and r.

In the case of large convection, estimate (8.1) incorporates too large a con-
stant. In this case we must bound the dual norms of the convection terms in a more
sophisticated way. The idea is as follows: Due to the definition of the dual norm,
these quantities equal the energy norm of the weak solutions of suitable station-
ary reaction-diffusion equations. These solutions are approximated by suitable finite
element functions. The error of the approximations is estimated by robust error esti-

mators for reaction-diffusion equations.
8.2 Lemma. For every integer n between 1 and N set
)Afh’n ={veC(Q): vk € Ry(K)forall K € ’fh,m v=0onTp}
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and denote by up € )?h,n the unique solution of the discrete reaction-diffusion prob-

lem

MV, Vop) + r(@y, o) = (- V(up —up™b), o) Vo, € )N(h’n. (8.4)
Define the error indicator iy by

= Y okl Vg ) + AN i
Ke%h,n

_ 1/2
+ Y A Yaglng - VElslBe)
E€Enn\T'n

(8.5)

Then there are two constants ¢t and ¢ which only depend on the ratios hy /px such
that the following estimates are valid

e AR+ < llle- Vuh —up DL < e LIl + 75} - (8.6)

Proof. We choose an integer n between 1 and N and keep it fixed in what follows.
Denote by U™ € H},(2) the unique solution of the stationary reaction-diffusion equa-
tion

A(VﬁTVv) + r((NJ”,v) = (c-V(up —uy~ H,v) Vv e Hp(9Q).

The definitions (2.2) and (2.3) of the energy norm |||.|| and of the dual norm |||.|||,
respectively imply that

U™ IF = llle - ¥ (uy = up =Dl
Inserting vy, = U} as a test function in the discrete problem (8.4) we obtain
sl < e v (up —up =),

The triangle inequality therefore yields

1 ~ ~7’L ~ ~ ~7’L ~
= L WGEI+ 0T =30 < e 9 Gui; = =) < S+ 0™ =31}

Since ¢-V (up —uy~ D is a piecewise polynomial, we know from [9] that 7; yields upper
and lower bounds for [[|[U™ — w}'||| with multiplicative constants that only depend on

the ratios hy /pr. This proves estimate (8.6). O

Combining Lemmas 7.1 and 8.2 we obtain the following result:
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8.3 Theorem. Assume that |c| > A2 max{\,7}'/2. Then the error between the
solution u of problem (2.6) and the solution up . of problems (3.1), (3.2) is bounded

from above by

||u_uh,THX(O,T) <

E*{Huo — mouo[3

N
+an{(nh) ST | G R (A
n=1

(8.7)
2
+ ”f - fh,THLQ(o,T;Hfl(Q))
1/2
2
+ ”9 - gh7Tl|L2(O,T;H*1/2(FN))
and on each interval (t,—1,t,], 1 <n < N, from below by
n\2 n n—12 ~n\2 ~n12 1/2
/2L () iy = w1 + ) +
SE*{HU — Unh,r |_2X(tn,1,tn)
(8.8)

2
+ Hf - fh,THH(tn_l,tn;H‘l(Q))

5 1/2
‘LQ(tnfl7tn;H71/2(FN)) )

+ Hg — 9h,r

The quantity ny is defined in equation (5.8). The constants ¢* and ¢, depend on
the ratios hi /pr. The constant ¢* in addition depends on the ratios hi/hy. The
constant ¢, in addition depends on the maximum of the polynomial degrees of the finite
element functions and on the constant k of Assumption (A2) of §1. All constants are

independent of the final time T, and the parameters X, |c|, and r.

8.4 Remark. Theorem 8.3 shows that the quantity 75/2{(772)2 + [l — a1+

1/2
) + HHIZ]HQ} is a robust error indicator in the sense described in the Introduc-

tion. The remaining terms on the right-hand side of estimates (8.7) and (8.8) are data

errors. The term 7'71/ 2772 can be interpreted as a spatial error indicator and can be used
1/2
to monitor the space-adaptivity. The terms 7./ { g — a1+ )% + |||ﬂ”g|||2}

on the other hand can be viewed as temporal error indicators and can be used to
monitor the time-adaptivity. Theorem 8.1 shows that in the case of small convection
the terms involving 7;' and uj can be dropped without loosing robustness. Thus the

evaluation of the error estimator is much simpler in this case.
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9. Variable coefficients

In this section we present the modifications that are necessary to adapt the previous
analysis to equations with variable coefficients.

Assumptions (A1) — (A3) of §1 must be replaced by the following conditons on
the coefficients:
(A1’) The coefficients satisfy D € C(0,T; L>(Q)™4), ¢ € C(0,T;WL>(Q)?), r €
C(0,T; L>°()).
(A2’) The diffusion-coefficient D is symmetric, uniformly positive definite and uni-
formly isotropic, i.e.

0<t<T,zeQ z€RIN\{0} 2tz
and .
D(x,t
k=A"1 sup max 2" D(z, t)z = 0(1).

0<t<T,zeQ 2R\ {0} 2Tz

(A3’) There is a constant § > 0 such that r — %divg > ( for almost all x € Q and
0 < t < T. Moreover there is a constant ¢, > 0 of moderate size such that
7]l oo (0,7:15 () < €.

With these assumptions the various regimes mentioned in §1 can now be characterized

by:

dominant diffusion: |c|r om0 @) < ccA and B < ¢ A with constants of order 1;

dominant reaction: ’Q|LOO(O7T;W1,00(Q)) < ¢\ and B> A with constant c. of order 1;

dominant convection: 3 > .

In the definition (2.2) of the energy norm the quantity » must be replaced by
the constant 5. This definition of the energy norm is then used in the definition (2.3)
of the dual norm and in the definitons of the norms of H'/?(I'y) and H~/2(T'y).
With these modifications estimates (2.7) and (2.8) remain valid.

In the finite element discretization (3.2) the coefficients must now be discretized
in time by replacing D, ¢, and r by D" = 0D(.,t,) + (1 — 0)D(.,t,_1), ¥ =
Oc(.,tn) + (1 —0)c(.,tn_1), and r™® = Or(.,t,) + (1 — 0)r(.,t,_1) respectively.

Lemma 4.1 remains unchanged. But in the definitions (4.8) and (4.9) of the

temporal and spatial residuals the coefficients D, ¢, and r are replaced by their time-
discretizations D™, ¢"?. and r™? respectively. This gives rise to additional terms

(D" = D)Vun,r, Vo) + (" = ¢) - Vg7, 0) + (" = r)unr,v)

in the definition (4.10) of the data residual. These terms introduce additional data
errors

A" = D)Vunrll 2oy ) + 1€ =€) - Vanr + (7 = r)un.r |l 220,01 ()
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with appropriate values of a and b on the right-hand sides of estimates (7.1), (7.2),
(8.2), (8.3), (8.7), and (8.8).

In the definition (5.4) of the weights ag the quantity r must be replaced by

the constant (. In the definition (5.8) of the spatial error indicator 1} the coeffi-

cients D, ¢, and r must be replaced by finite element approximations DZG, 229, and

né

r,’;‘g of the time-discretizations D™, ¢", and r™?. These finite element approxima-

tions are arbitrary; the simplest choice is the correponding L2-projection onto the
space of piecewise constant finite element functions. The spatial discretization of the
coefficients gives rise to additonal elementwise data errors

D = { = div(D}* = D")V(0up, + (1 = O)uj ™))
+ (e = )V - (Bufy + (1 - O)up ™)
+ (i = ") (Oup + (1= 0)up ™)} s

for all K € ﬁz,m 1 <n < N, and edge- respectively facewise data errors

Dg = [ng - (Dp? — D)V (0up + (1 - 0)u )],

for all £ € gh,n, 1 < n < N. These data errors introduce an additional data error
indicator
1/2

O = Z il Drel| 72y + Z 5_1/2O‘E||DE”2L2(E)
KE%}L,” Eegh,n

on the right-hand side of estimates (5.9) and (5.10). This data error indicator intro-
duces an additional term

S m(en)”

n=1

on the right-hand sides of estimates (7.1), (8.2), and (8.7) and an additional term
ny 2
7(OF)

on the right-hand sides of estimates (7.2), (8.3), and (8.8).

In equations (8.4) and (8.5) the quantities r and ¢ must be replaced by [ and

g’,;be, respectively.
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