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Overview

Robust A Posteriori Error Estimates for » There is a wide range of stabilized finite element methods

Stabilized FEM for stationary and non-stationary convection-diffusion
equations: streamline diffusion methods, local projection
schemes, subgrid stabilization schemes, continuous interior

R. Verfiirth penalty methods...
Fakultit fiir Mathematik » Their a posteriori error analysis can be performed within a
Ruhr-Universitdt Bochum common framework.
www . ruhr-uni-bochum. de/numi » They all give rise to the same robust a posteriori error

ot sty i 1. T, Davareien Mamdobss estimates up to slight variations in the data oscillation.
» Stationary convection-diffusion equations
Milan / February 10th, 2014 » Non-stationary convection-diffusion equations
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Stationary Convection-Diffusion Equations Variational Formulation
» B(u,v) = (£, v) Vv € H}(Q)
> B(u,v) = eVu-Vu+a-Vuv + buv}, (£, v :/ v
—cAu+a-Vu+bu=f inQ (u,v) /Q{ } {6 v) Qf
1
u=0 onl 2 2\ 2
> Energy norm: [lol]] = { [Vo[” + 8 v]*}

v

> 0<e<l Dual norm: |||¢|ll, = sup (¥, v)

» fe L), ae Whe(Q)4, be L°(Q) o v ol

v ron 8 bl £ af Continuty: B(v, ) < mas ey, TH{ll + - Vol
Stability:

v

v

o B(v,v) .1
inf sup =z
v w {0l +llla- Vol } llwll] — 2+ max{cy, 1}
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Finite Element Spaces Stabilized FEM
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v

T admissible, affine-equivalent, shape-regular partition of €2

SEUT) ={p: Q> R: ¢k € Ry(K) forall K € T}
Sk, O('7') = Sk=L(T)NnCo(Q)

v

> B(ur,vr)+S7(ur,vr) = (£, v7) Yor € S¢°(T)
» Stabilization S

k, 0 k,0 — T
SO {SO SN =0 om } » only depends on data €, a, b, f
» £ (d— 1)—d1men31onal faces of elements, &g interior faces > is linear in its second argument
» Jp(-) jump across E € £ in direction ng > is affine in its first argument

» M macro-partition subordinate to 7 with elements of
comparable size
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Stabilization S7 1 Stabilization S7 11
» Streamline Diffusion Method (SDFEM): St (ur,vr) =
Z 19K/ {—eAur +a -Vur +bur — f}a-Vur
KeT
> Local Projection Scheme (LPS): » Continuous Interior Penalty Method (CIP):
Srlurvr) =) ﬂK/ firg (@~ Vur) fipq (a- Vor) Sr(ur,or)= ) I JE (a-Vur)lg(a- Vor)
KeT Ee&q
I-— L?-projection onto S*~1:—1
Kk L*-projection on (M) . 95 < h2

» Subgrid Stabilization (SGS):

Sr(ur,vr) = > Uk / (FEmur) - V (Eaor)

KeT
FEm = I — Jpq, Ja quasi-interpolation operator in Sg’O(M)
b 19K Ha”ocK ~ hk
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Residual

» Residual: (R, v) = (¢, v) — B(ur,v)
Equivalence of error and residual:
RN =~ lllw = wrlll + llla- V(w = ur)ll,
L2-representation: (R, v) = / rv+ / Ju
T‘|K = f—f—EAuT—a-VuT—l?uT, j’EEJ:
= St(ur,vT)
» Quasi-interpolation operator: I : H})(Q) — S%(M)
o= Invllar S 1ollzy, 1V = L)l S 1V 0z,
v~ Inallyy S har 1Vl o — Il S B IVollg,,

v

v

—Je(eng - Vur)

v

Consistency error: (R, vr)

wp?
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Consistency Error of SDFEM

* S'T U’T,IM’U)
> 3R, = sup T )
> ZﬁK/{ eAur +a-Vur +bur — fla- V(I pmv) <
KeT
> Ok lIrllx lla - V(o) g
KeT
> fla- V(Imo)lx <
a0 min{2e3e™2 | Volly,, , 2creihyy vl }
1
>

2
MR S { > n%}

KeT
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Bounds for the Residual

>

v

v

v

v

Error indicator:

1 _1 :
me= il rlk+5 S0 el
EGSK’Q
Data oscillation:

0k = {1® | = fr + (a7 — &) - Vur + (b — burll} }
),B7% }

2
Upper bound: |||R|, S { Z 77%{} + 13RIl
KeT

3
Lower bound: { Z 77K} S LRI + { Z 0%(}

KeT KeT

g _1 ..
he = min {5 2 diam(w

N

N|=
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Consistency Error of LPS (sup,

v

v

ST(UT,IMU))
[l

> O [ ra (- Vur) a2 V(ar0)
KeT

ap - Vur € SF=L=1(M) implies

kv (@ Vur) =k (a2 —am) - Vur)

ar - V(Ipmu) € SO 1(/\/l) c SF=L=1(M) implies
kv (@ V(Iamv)) =rsm (@ —am) - V(Imw))

1
2
MR S { > hik HVaHio;K@%}

KeT
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(UTJMU))

Consistency Error of SGS (sup, STW (UTJMU))

Consistency Error of CIP (sup, STW

Z T9E/«]]E a-Vur)lg(a-V(Imv))

Eec&q
g Z ﬂK/ V (Emur) -V (BplImw)) » Express Jg(a- Vur) in terms of residual r and data
e oscillations using continuous approximations for a and b.
> rpm =1 — Jpm
» Assume that J d SL0 % < 2 2
M reproduces 55 (M). > IRIL S8 [ + 0%
> IRl = Ker f
2
D o5 2 2 D5 2
B IVall i VT + €205 | Aur %] }
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Non-Stationary Convection-Diffusion Equations Variational Formulation

v

(Opu, v) + B(u,v) = (£, v) Vt € (0,T),v € H}(Q)

1ol 052y = ess. sup [Ju(:, )]

Ou—cecAu+a-Vu+bu=f inQx(0,T]
u=0 onT x(0,7]
u(-,0) =ug in Q

[ :{ [t
» 0<exl

» feL?(Q),ac Who(Q) be L®(Q) constant w.r.t. ¢ T T—— {/ (- t)|||2dt}2
> ——le&—f— b > ﬁ Hb” < Cbﬁ (a7 k] ) a *

v

v

v
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Stabilized FEM Residual

v

Residual: (R, v) = (¢, v) — (Qyuz, v) — B(uz,v)

Equivalence of error and residual:

» T ={[tn—1,tn] : 1 <n < Nz} partition of [0, T
» 7, partitions of 2 as in the stationary case
> u% L?-projection of ug HRHLQ(QT;H‘I) ~
2 2

1 B {HU_UI”LOO 7.2y Tl = uzl| 720 7.
" (U% —“%,luvn) +B(U™,v7,)+57, (U™, vr,) = e 2(07 o

n 2

(£, vr) ¥n > Lor, € SEO(T,) +Hla =) +a- V= ulfaoras
> U0 — eu% +(1- Q)U?AI Decomposition oef the residual: R = R, + Ry,

n— <RT”U>:B(Un —’LLI,’U)

(Rhé v) =, v) — (8,512@, v) — B(U"e,v)2
HRHLQ(O,T;H*l) & HRTHL?(O,T;H*l) + ”Rh“LQ(O,T;H*l)

v

=

v

» B, ¢, St as in the stationary case
> 0= % Crank-Nicolson scheme, # = 1 implicit Euler scheme

» wu7 affine interpolation w.r.t. ¢ of (ul}n)n

v

Consistency error: (R, vr,) = S7. (U™, vT.)
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