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Stabilized Finite Element Discretizations
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L Variational Problem

Outline Differential Equation

ou—ceAu+a-Vu+Pu=f inQx (0,7
u=0 onI x(0,T]

u=1uy in

Variational Problem

Discretization

»0<e<1,8>0,acR? |al <1

> Results hold for variable coefficients and mixed boundary
conditions. Then ¢ is a lower bound for the smallest

References eigenvalue of the diffusion and S is a lower bound for

b— %diva with b denoting the reaction.

A Posteriori Error Analysis
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Variational Problem Norms

1
. , o , > Energy norm [[vll| = {& |[Vo|* + 8 o]} *
Find u € L*(0,T; H}(Q)) with d,u € L2(0,T; H~1(2)) such

that u = ug in L? and for all t € (0,7) and all v € H}(Q2) » Dual norm  [||¢[|, =  sup (¢, 0)
veri@\goy VIl

(Opu , v) —i—/ {eVu-Vv+a-Vuv + puv} = / fo » Error norm ,
Q Q
~—— _ ) 2 ) 2
—— —— lullxupy = e55 sup [ DI + [ o a
b ) 3
+ [ o +a- Va2 ae
a
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Meshes and Spaces Discrete Problem

Find u%‘—” € X, 0 <n < Nz, such that u% = moug and,
forn=1,...,Nz and all vy, € X,, with
» 7 ={(th—1,tn) : 1 <n < Nz} partition of [0, T]. U — OVul + (1— g)vugbjl

n—1
D T = Uy — Up—1lo

n n—1
> 7., 0 <n < Nz, affine equivalent, admissible, shape regular <uTn — U, _,

B no . né)q 5 _
partitions of ). ’UTn) + B(U™,vr,) + Sn(U™, vr,) = (£, vry,)

Tn

» Transition condition: There is a common refinement 7, of
T and Trn—1 such that hg < chg for all K € 7,, and all

!/ g !
K’ €Ty with K C K. second argument and affine in its first argument, it may
» X,, C H}(Q) finite element space corresponding to 7. depend on 7,, and on f.

» The stabilization term .5, is supposed to be linear in its

» Solution u7 is continuous piece-wise affine and equals w7
at t,,.
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Stabilizations I Stabilizations 11

» Streamline diffusion method » Local projection scheme

1,
Sn(u,v) = Z 191(/[({%(15 —u" 1) — eAu Sy (u,v) = Z ﬂM/MHM(a-VU)HM(a-VU)

KeT,
MeM,

+a-VU+Bu—f}a-Vv with 9y |a] < chyy or
with 9 |a| < chg
. . Sp(u,v) = Z 19M/ km (Vu) kpg (V)
» Continuous interior penalty method = M
Sp(u,v) = Z 19E/ Je(a-Vu)lg(a- V) with dp; < ¢|a| hpr and kpq the orthogonal projection onto
Ecé, = the complement of a suitable space of discontinuous

with 9 < ch% functions on a macro-partition M
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Stabilizations 111 Basic Steps
» Subgrid scale approach » Error and residual are equivalent.
» The residual splits into a spatial and a temporal residual.
Sp(u,v) = Z 191(/ a- VI, (u) a- VI, (v) P P . . p
KeT K » The norm of the sum of these is equivalent to the sum of

. their norms.
with Vg |a] < chg or ) ) ) o
» Derive a reliable, efficient and robust error indicator for the

Sp(u,v) = Z 19[(/ VI, (u) - VI, (v) temporal residual.

KeMn = » Derive a reliable, efficient and robust error indicator for the
with 95 < cl|a| hx and II,, the orthogonal projection onto spatial residual.
a suitable space of unresolvable scales Y,, C X, » All stabilizations yield the same spatial error indicator.

11/ 27 12/ 27



Non-Stationar: onvection-Diffusion Problems
' Stationary C ion-Diffusi bl
? > osteriori Error Analysis
B Lar Ava
L/ DEREX

Non-Stationary Convection-Diffusion Problems
LA Posteriori Error Analysis

Equivalence of Error and Residual Proof of the Equivalence
> w7 is continuous piece-wise affine and equals u7- at &y,.
> Residual: » Relation of residual and error:
(R(uz), v) = (£, v) = (Qyuz , v) — B(uz,v) (R(uz), v) = (Ore, v) + B(e,v)
» Lower error-bound: » Lower error-bound: Definition of primal and dual norm

HR(UI)“LQ(tn_l,tn;H—l) <2 lu — U’I”X(tn_l,tn) plus Cauchy-Schwarz inequality.

~ Upper emar bomds » Upper error-bound: Parabolic energy estimate with v = e

) as test-function.
2

= uzll 0.,y < {4110 = mouoll+6 I1R(uz) 22 0., a-1) }
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Decomposition of the Residual Motivation of the Lower Bound

> Recall U™ = 6Vl + (1 —60)Vul

» Temporal residual: » Strengthened Cauchy-Schwarz inequality for v = ¢ and
_ bt
(R-(uz), v) = B{U™ — uz,v) W= p=a"
» Spatial residual: v 1 V3
o vw = 5e(b—a) = == [[vll ) 1wl @)
(Rp(uz), v) = (¢, v) — (Ouz, v) — B{U™,v) » Honce
> Splitting: R(uz) = R-(uz) + Rp(uz) enee: p
. 2 -1 ) 3
» Estimate for L2(t,_1,t,; H );norms. o+ wll?, py > (1 _ 7) {“U“%a,b) T Hw”%a,b)}
1 =
= {IB- @D + | BauD) I }* < |Br(uz) + Ri(uz) |

< IR (uz)|l + | Ba(uz) |
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Proof of the Lower Bound Estimation of the Temporal Residual
» Rp(uz) is piece-wise constant. » R,(uz) = (9 H7n1> " with
. . - . _ _ t—tpa 2 et

» R, (uz) is piece-wise affine: R;(ur) (0 — ) p" with (", v) = B(u — uf} 11,U)

(p", v) = B(up, — u? ll,v) » Upper bound:
» Choose v,w € H}(£2) such that o™l wy, — L 11 + Ha-V( wr, — U 11)

2
ol = 1Br(uz)llly»  (Ru(uz), v) = [[Ra(u)llly, » Follows from definition of p™ and |||-|f,.
2
llewlll = llle™ Ml (", w) = llp"[ll%- > Lower bound:
2 1

> Insert 3 (Hiz*l) v+ %w as test-function in 3 { g — uT A+ ma V(ur, — uTn } < llp" Il

representation of R(uz).
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roof o e Lower Boun stimation o e Convective Derivative
Proof of the L B d Est t f the C t D t I
> Set w" = uf —ur 11 and choose v € H}(Q) with
2

llvlll = [lla- Vw™|], and (a- Vw™, v) = [|a- Vw"|[

» Insert 3w" + v in the definition of p™: » Assume that |a|] < c.e.
1 1 » Friedrichs’ inequality implies
<pn ) 7wn + U>
2" T3 (a-V(uT —u ), ) < |al Hv we —u L) eq Vo]l
1 1 1
=5 (eVw", Vuw™) + 5 (Bw™, w") +§(a- Vuw™, w") » Hence H‘a- V(uf — UT . H < c.c H‘UT — u% 11 and
_l”wn”Q =0 H‘a V(ug, —ur 11) ) is equivalent to H uy —ug 11

(va Vo) + (Bw v) + % (a-Vuw™, v)

-
>~ 5 |l lla-Vwn|l, =3 lla-Vwr|?
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Estimation of the Convective Derivative II Estimation of the Spatial Residual

» Spatial error indicator 7);:
» Assume that |a| > e.

» Auxiliary problem with analytical and discrete solutions ®

_1
and O : Ny = Z ak® | Rll% + Z e %ap ||Re|%
n—1 Ke%" Eeg;f"
£ (V. V) +B(p, ¥) = (a- V(ulk, —wi ), v)  (+) + s = min {e-b, 1)

1
> < {llon )i+ lle - 27} < ||a- Vut, —ug)

< @7l + (1@ = 7]l

> |||® — @7, ||| is equivalent to robust residual error indicator

H » Ry and Rg are the usual element and interface residuals.
» Standard arguments for stationary problems yield:

| Rn(uz)|l, < ctnp:

mBn(u)ll i < e[| B (u) ],
> |11 R (uz)l||, measures the consistency error of the

ne for (x). (=A™
T () stabilization.
> Hence ’ a-V(ur, —uy H‘ is equivalent to [[| S, ||| + 77 > ct, ¢! only depend on the polynomial degrees and on the
shape parameters of the partitions 7.
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Proof of the Upper Bound Proof of the Lower Bound

» Insert ¥x Ri in L?-representation with standard element

cut-off functions k.

2 o
> L7-representation: » Insert ¢p yRp in L?-representation with squeezed face

(Rn(u / —_ / v cut-off functions gy and
h I
9 = e2hz'ap = min {1,5%@15—%}.

» Quasi-interpolation error estimate:

v — Iamvll g < cak vz,
» Trace inequality: i
1E] 2hi |E| -
v||% < v Vv
vl < K| lvll% + K] V]l g IVl & =
Fg K
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Estimation of the consistency error ||}, Ry (uz)|,

(Bn(uz), Imv)

> [ R(uz)lll, = sup
e Tl
sup Sn(uI7IMU)
ey Tl

» Streamline diffusion and interior penalty methods:

A Rr(uz)lll, < enp
» Local projection scheme and subgrid-scale approach:
Vi € ker kpq and Iyqv € ker IT,, hence

I3 B (uz)|l, = 0.
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A Posteriori Error Estimate

» Define the space-time error estimator by:

=

1 9 _ 2 2
n' =i |+ | — |+ (el + )
spil tem‘proral
» Then

1
2

Nz
* 2 2
lell x o < ¢ {Iluo—muoll +> (") } ;
n=1

n" < e He”X(tn,l,tn)'
> cx, ¢* only depend on the polynomial degrees and the
shape parameters of the partitions 7.
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