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L Variational Problem

Outline Differential Equation
Variational Problem Ou—div(dVu) +a-Vu+ru=f in Qx (0,T]
u=0 onI x(0,T]
Discretization u=1ug in
A Posteriori Error Analysis = G0
> r>0

v

ac Cl(Qx (0,T))¢
diva=01in Q x (0,7
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Non-Stationary Convection-Diffusion Problems

L vVariational Problem

Norms

» Energy norm
1
llolll = {dlIVoll? +r[lv]*}2

» Dual norm

®w,v
lolle=  sup 129
veri@\goy VIl

» Error norm

o = fesssuplC. 01+ [ .
te

)|l dt
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Non-Stationary Convection-Diffusion Problems

LDiscretization

Discrete Problem

Find ug € Xp, 0 <n < Ng, such that u% = U
and, forn =1,..., Nz and all vy, € X,

n—1

u
/”ﬂ*vn+awv@;+u_ewm71wﬁ)
Q

Tn
n—1
uTn U, n
In et g _
+Z@/ Tty (s, +(1-0)
KeTn
/fvn Z 5K/ fa-Vour,
KeTn
with

a(u,v) = d(Vu, Vv) + (a- Vu,v) + r(u,v),
Lv = —div(dVu) +a-Vu+ru

u%*_ll ))a - Vur,
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L Discretization

Meshes and Spaces

» T = {(tn—l,tn] :1<n< NI} partition of [0, 7.

> T = Up = Upeilo

> 7., 0 <n < Nz, affine equivalent, admissible, shape regular
partitions of €).

» Transition condition: There is a common refinement 'T of
Tn and Ty, such that hx < chg for all K € 7, and all
"e T, with K’ C K.
» V,, C H}(Q) finite element space corresponding to 7p,.
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LA Posteriori Error Analysis

Basic Steps

» Error and residual are equivalent.
» The residual splits into a spatial and a temporal residual.

» The norm of the sum of these is equivalent to the sum of
their norms.

» Derive a reliable, efficient and robust error indicator for the
spatial residual.

» Derive a reliable, efficient and robust error indicator for the
temporal residual.
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' Stationary C ion-Diffusi bl
? > osteriori Error Analysis
B tar Ava
L/ DEREX

Equivalence of Error and Residual

> uz continuous piece-wise affine, equals u7- at t,.

» Residual:

(R(uz),v) = (f,v) — (Byuz,v) — (dVuz, Vo)
— (a- Vuz,v) — (ruz,v)

» Lower bound:
||R(UI)||L2(tn_1,tn;H—1(Q)) < \/§||U - uI“X(tn_l,tn)
» Upper bound:

1
2

=tz x (0.0 < {4lluo—mouol+ 61 R(uz) 220,110 }

9/ 24
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LA Posteriori Error Analysis

Decomposition of the Residual

» Temporal residual:

(Rr(uz),v) = (dV (v, —uz), Vo) + (a- V(u}, —uz),v)

+ (r(uy, —uz),v)
» Spatial residual:
(Rp(uz),v) = (f,v) — (Gsuz,v) — (dVuTp,, Vv)
—(a-Vuy ,v) — (rur ,v)
» Splitting: R(uz) = R, (uz) + Rp(uz)
» Estimate for L?(t,_1,t,; H1(2))-norms:
IR w2) I + | Bau)?}E < R (uz) + Ba(u)]
< || Rr(uz)|| + | R (uz) |
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LA Posteriori Error Analysis

Proof of the Equivalence

» Relation of residual and error:
(R(uz),v) = (Ore,v) — (a- Ve,v) — (dVe, Vv) — (re,v)

» Lower bound: Definition of primal and dual norm plus
Cauchy-Schwarz inequality.

» Upper bound: Parabolic energy estimate with v = e as
test-function.
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LA Posteriori Error Analysis

Motivation of the Lower Bound

» Strengthened Cauchy-Schwarz inequality for v = ¢ and

_ b—t.
w = 3=

b 1 V3
/ vw = e(b—a) = vl @plwley

» Hence:

o+l > (1= L) {0l + ol )
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LA Posteriori Error Analysis f 1 LA Posteriori Error Analysis

Proof of the Lower Bound Estimation of the Spatial Residual

> Spatial error indicator 07 :
_1
= { S aklRclk + Y e aglRal}}’
(", 0) = @V (W, —uf ), Vo) + (a- V(uf, —uf ), v) KeT, Bets,

+ (r(u7, —ug— 11) v).

» Ry (uz) is piece-wise constant.

=

» R:(uz) is piece-wise affine: R, (uz) = t" Lp™ with

v

ag = min{d_%hs, 7‘_%}

= Clhoee 0, @ H&(Q) such that » Ry and Rg are the usual element and interface residuals.
» Standard arguments for stationary problems yield:
ol = Rr(uD)lles  (Rn(uz),v) = [|Ra(uz)lI,
oll = el o) = I el et
wl| = , , W) = .
Pl P Pl 7, < ctll| Bn(uz)|ls-
> Insert 3(t In 1) v+ t":tw as test-function in » cfe; only depend on the polynomial degrees and on the
representatlon of R(uz). shape parameters of the partitions 7.
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LA Posteriori Error Analysis @ 2 LA Posteriori Error Analysis M
Proof of the Upper Bound Proof of the Lower Bound
2 .
> L<-representation: (K (ur) / = / Jv » Insert ¥ Ry in L2-representation with standard element
» Galerkin orthogonality: Sy (7)) C ker Ry,(uz) cut-off functions Y.
» Quasi-interpolation error estimate: » Insert Y yRE in L?-representation with squeezed face

cut-off functions ¥g » and

[ = Il < cak ||vlllz,
i = d%hEIaE = min{l,d%h;r_%}.

E 2 2hk |E
> Trace inequality: [[o]3; < & llolli + 2™ ol Vo]l
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LA Posteriori Error Analysis E f =2 LA Posteriori Error Analysis M
Squeezed Face Cut-off Function Estimation of the Temporal Residual

» Recall R, (uz) = 2= tp” with

(67, 0) = (@AV(eh, — u), Vo) + (a- V(u, — L ), 0)
+ (r(uy, —uy 11) v).

Ffl
EK
» Upper bound:
o o™l < (Mt — w2+ llla V(= wir )l
9
l » Follows from definition of p™ and ||||||«.
» Lower bound:
Fg g 1
3 Ul —up L+ lla- Vg, = Dl G < "l
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Proof of the Lower Bound Estimation of the Convective Derivative I

> Set w" =ul —ur ! and choose v € H}(Q) with
lloll = fla - V. and (a- Vur,v) = [la- Vur |2

> Insert %w" + %v in the definition of p™: > Assume that [afjoo < ccd.

» Friedrichs’ inequality implies

(6", 50" + <v) n—1
2 2 (a-V(ur, —ug _),0) < |l Vw7, —uy 1)HHUH
1 1 1
= §(de”, Vuw™) + §(rw”,w”) + §(a -Vw™, w™) < llalloolIV (w7, —ur, Dlleal| Voll
=3 llwm (|2 e > Hence [[a- V(up, —ur 1)”| < cecallw, —wr |H and
%(de V) + ;(Tw”,v) + %(a- Vuw",v) lla - V(uf, —ug )l is equivalent to [[uf, — “T o
> =g lllwnlllla- V7w |« =3 lla-Vwn |2
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@’

Estimation of the Convective Derivative 11 A Posteriori Error Estimate

> Assume that [|afjcc > d. » Define the space-time error estimator by:

» Consider the auxiliary problem
_ 1 2 211
AV, Vo) + (vl 0) = (a- V(i —uwE)e) () i =t [(n) e, — w2+ (n2)
with variational and discrete solutions ® and @7 . spatial h temporal g
> Then [|®]| = [la- V(uf, —uf )]s, -
27l < llla- V(uf — u%;ll)m* and therefore > then
1 n n—1 * 2 ad n\2 %
S{IBr 1+ 112 — @71} < lla- Ve, — ). lellxcoir) < e*{lluo — mouoll® + 3 ()2},
n=1
< 127l + 12 — @71 n <
. L . " < eallell n-1,0)-
» Transition condition implies that ||® — @7, ||| is equivalent
to every robust, e.g. residual, error indicator 2 for (x). » c.c” only depends on the polynomial degrees and the shape
> Hence [|a- V(up, — u%;ll)m* is equivalent to |||®7, || + nZ. parameters of the partitions 7.
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