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Lvariational Problem

Norms

» Energy norm

1
llvlll = {dlVoll* + rlo]|*} 2

» Dual norm

P, v
llell, = sup 20
emsny Tl

» Error norm

Jullxtasy = {ess.suplfuC, )7 + / -, 2|2t

+ / l@ru+ a- Vu) - 2t}
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|—Variat:ional Problem

Differential Equation

Ou — div(dVu) +a-Vu+ru= f in Q x (0,7]
u=0 onI' x (0,7
U = Ug in Q

d>0

r>0

a e CHQx (0,7])%
diva=01in Q x (0,7
a=0onT x(0,7]

vV vV.v v Y
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L Discretization

Method of Characteristics

» For every (z*,t*) € Q x (0,T] the characteristic equation

%x(t; x*,t%)

ale(ta’ ¢*),t),  te(0,t),
o(t* 2%, %) = o*

admits a unique global solution.
> Set U(z*,t) = u(z(t; z*,t%),1).
» Then

diU — div(dVu) +ru = f in Q x (0,T).

» Discretize d:U by backward differences and spatial
derivatives by standard finite elements.
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LDiscretization

Meshes and Spaces

v

7= {(tn_l,tn] :1<n< NI} partition of [0, 7.

> T = U = Up=ilo

» 7,, 0 <n < Nz, affine equivalent, admissible, shape regular
partitions of ).

» Transition condition: There is a common refinement ’f}l of
T, and 7,1 such that hx < chg for all K € 7,, and all
K' €7, with K’ C K.

» V, C H}(Q) finite element space corresponding to 7.

» Lagrange condition: Functions in V,, are uniquely
determined by their values in a set V,, of nodes.
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L Discretization

Re-interpolation

Ne o5

8 /
N3
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LDiscretization

Discrete Problem

> Set uOTO = TougQ-
» Forn=1,...,Nz:
» Compute an approximation 27 ! to z(t,_1; 2, t,) for every
S Vn’Q.
» Compute ﬂ’}n—l € V, such that

1, Jur @2 if 2 € Vg,
uy (2) = )
" O lf z € Vnyp.

» Find w7 €V, such that
n ~n—1

(uTn - u’Tn
Tn

,vr,) + (dVug Vo) + (ruf vz,) = (f,vz,)

holds for all vz, € V,,.

6/ 20

A Posteriori Error Analysis of the Method of Characteristics
|—A Posteriori Error Analysis

Basic Steps

» Error and residual are equivalent.

» The residual splits into a spatial and a temporal residual.
The norm of the sum of these is equivalent to the sum of
their norms.

» Derive a reliable, efficient and robust error indicator for the
temporal residual.

» Derive a reliable, efficient and robust error indicator for the
spatial residual.
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Equivalence of Error and Residual

» w7 continuous piece-wise affine, equals u% at t,.
» Residual:

(R(ug),v) = (f,v) — (Orug,v) — (dVug, Vv)
— (a- Vug,v) — (ruz,v)

» Lower bound:
IR L2ty -1 ) < V2l — Uzl (10 _1,0)
» Upper bound:

1
2

lu—uzllx(0,) < {4||UO—7T0U0||2+6||R(UI)||%2(o,tn;H—1(Q))}
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Decomposition of the Residual
» Temporal residual:
(Rr(uz),v) = (dV(uf, —uz), Vo) + (a- V(ug, —uz),v)
+ (r(uz, —uz),v)
» Spatial residual:
<Rh(UZ)7 U> = (fa U) - (atuIa U) - (dvu%.ba VU)
- (a . vu%ﬁ U) - (Tu%n ’U)
» Splitting: R(uz) = R, (uz) + Rp(uz)
» Estimate for L?(t,_1,t,; H 1(2))-norms:
1 1
g{HRr(UI)HZ +|Ba(uz)?}? < ||R-(uz) + Rp(uz)|
< || Rr(uz)|| + | R (uz) |
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Proof of the Equivalence

» Relation of residual and error:
(R(uz),v) = (Ore,v) — (a- Ve,v) — (dVe, Vv) — (e, v)

» Lower bound: Definition of primal and dual norm plus
Cauchy-Schwarz inequality.

» Upper bound: Parabolic energy estimate with v = e as
test-function.
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Motivation of the Lower Bound
» Strengthened Cauchy-Schwarz inequality for v = ¢ and
_ b—t.
w = —a-
b
1 V3
[ ow=getb = a) = *Flollas el
a
» Hence:
2 V3 2 2
o+ ol = (1= 22) {0l + ol )
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Proof of the Lower Bound

» Rp(uz) is piece-wise constant.
» R.(ug) is piece-wise affine: R (uz) = t" —tp" with

(p",0) = (@V(uf, —uf ), Vo) + (a- V(uf, —uf ), v)
+(r (uTn—ug 1) v).
» Choose v, w € H}(2) such that

ol = B (uz)ll,  (Rauz),v) = I[Ra(uz)ll3,
el = {llo™ [l (", w) = [lo" 13-

» Insert 3(t =1 )21) + t"_tw as test-function in
representatlon of R(uz)
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Proof of the Lower Bound

> Set w" =wup —up ! and choose v € H}(Q) with
lloll = fla - V. and (a - Vur,v) = [[a - Vur |2

» Insert %w" + %v in the definition of p™:

1 1
(", §wn + 5”)

1 1 1
= 5(ale", Vuw™) + §(rw", w™) 4+ 5(a -Vw™, w™)
=3 llwn ]2 =0
1 1 1
§(de , Vo) + . —(rw™,v)+ §(a - Vu", v)

~~

>~ lllwnllla-Vw™ |« =3 lla-vwn||2
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Estimation of the Temporal Residual
» Recall R, (uz) = o= tp with

(") = (A9 (ul, — L), Vo) + (a- V(ul, — i ,),0)
+ (r(uf, —ug ), 0).
» Upper bound:
o™l < {lwf, =i I+ lla- V(g —uz )}

» Follows from definition of p™ and |||-|||«.

» Lower bound:

1 _
ez, —uz % M+ llla- Vg, —uz )l < lle"l
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Estimation of the Convective Derivative 1.
» Assume that ||aljc < ccd.
» Friedrichs’ inequality implies
(a-V(uf, —uf '), v) < |lalleol V(u%, —U?ll)llllvll
< lalloolV(uF, — uf*)llcall Vol
» Hence |[a- V(u} — (o )|||* < cccqllluy, — (o —1 ||| and
lla-V(uz, —uy 1)|||* is equivalent to [|luf. — ug _11H|
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Estimation of the Convective Derivative 11.

v

Assume that ||al|o > d.
Consider the auxiliary problem
d(VoE,, Vo) +r(vr,,¢) = (a- V(uf, —up ), ¢) (%)
with variational and discrete solutions ® and o7, .
Then [|@[| = [lla- V(uz, —u7 ")l
ez Il < lla- V(uf, —uF )l and therefore

v

\4

1 _
SUlezll+ 112 = ez} < lla-V(uz, = uz )l
< Mlez Il + 1@ = oz Il

Transition condition implies that [[|® — 7, ||| is equivalent
to every robust, i.e. residual, error indicator n! for (x).
Hence [|a- V(uf, — u%;ll)m* is equivalent to |||, ||| + 72

v

v
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Computation of 7;

» Want to replace ﬂ%:l by u%;ll

» Integration by parts element-wise yields:

<Rh(ul—)790> - d(vw%ﬁ V(p) - T(w’?’nv 90)

n n—1

u u
-y / (f = T 4 div(dViad )
K
—a-Vuf —ruf 4+ dAwf —rwl o
+ Z Je(mg - (dVut,) — dng - Vwr, ).
E

Ec&y,

» 7y consists of element and face residuals with weighting
factors min{d~2h,r 2} and d~ % min{d 2hg,r 2}
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Estimation of the Spatial Residual
» R (uz) does not satisfy the Galerkin orthogonality, but

n—1 ~n—1

u — U
<Rh(uz)77}7n> - (7;17_7% —a: Vu’%n,an).
n

» Consider the auxiliary problem

n—1 ~n—1

U. — U
d(Vw,, Vo) +r(wh,,¢) = (F————a-Vuf, ) (1)

with variational and discrete solutions ¥ and ;.

> Then [[U[| = [I[Rn(uz)lll«, ¥z, Il < 2 (uz)l]+ and
sUIT M+ =97 I} < RR(uD) s < oz I+ 1124, Il

» Transition condition implies that || — ¢z ||| is equivalent
to every robust, i.e. residual, error indicator 7; for (f).

» Hence || Rp(uz)||« is equivalent to ||s7, ||| + 0}
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