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The Biharmonic Equation Variational Formulation and Discretization
A*u=f inQ » Find u € H2(Q) such that for all v € H2(Q)
=0 enl /AuAv—/fv
ou _0 r
on - " » Find ur € X7 C H2(Q) such that for all vy € X7
» Models the vertical displacement u of the mid-surface of a / AurAvr = / for.

thin clamped plate under the influence of a vertical load f. > egpties O clements

» Models the vorticity of a two-dimensional Stokes flow.
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Proof of A Posteriori Error Estimates

» Upper bound is standard.
» Conformity X+ C HZ(f) implies Galerkin orthogonality.
» Integration by parts twice element-wise yields
L?-representation.
» Standard approximation properties of nodal interpolation
prove upper bound.
» Lower bound requires C''-cut-off functions.
> [L.cnr, A7 controls the element residual fr — A%ur.
> 1 = [Ixcu, [loenn Ak -Xws controls the edge residual
JE(HE . VAUT)
> ¥ (% SNy W Mze = T Lsenie, W )‘Kw)
controls the edge residual Jg(Aur).
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A Posteriori Error Estimates
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Smooth Cut-off Functions
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Mixed Variational Problem and Discretization

» Find ¢ € HY(Q2) and u € H(2) such that for all
Y € HY(Q) and v € H} ()

/nger/QW.Vuz 0

/QVU~ch: —/va

» Find o7 € Vo C HY(Q) and ur € Wr = VN H} () such
that for all ¢+ € V- and vy € W

/¢T¢T+/V¢T'VUT= 0
Q Q

/VUT'VSOT: —/fvT
Q Q

» The inf-sup condition is violated.
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Residuals Lower Bounds for R;
» Test-functions ¥ = Y (o7 — Aur), v = 0 yield
(R, ¥) = / QT +/ Vur - Vi lor — Aur|k S B IV —ur)lg llor — Aur|
+lle — el llor — Aurlk
Z / o1 — Aur) Y + Z / Je(ng - Vur)y » Test-functions ¥ = YrJp(ng - Vur), v =0 give
KeT P HIS 1
hildeme - Vor)llg S IV —ur)l,, +helle —erl,,
(Ra, v /chT VU+/fv 1
» Mesh-dependent norm {HV1)H2 + > h2 Hsz%{} may be
Z / (f — Apr)v+ Z / Je(ng - Vor)v a candidate for measuring the error.
KeT Eelq » Causes problems with Ry which is linked to V(¢ — 7).
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Lower Bounds for R Upper Bound for ||V(u — uy)|
» Test-functions ¢ =0, v = vg = Y 1(fr — Auy) and » Use a duality argument.
integration by parts for the (¢ — ¢7)-term yield » Choose g € H~(Q) such that |lg| ; =1 and
x lfr = Aurllg S b llo = o7l + B3 I f = friix (9, u—ur) =[V(u—ur)]|.
» Test-functions ¢ = 0, v =Yg 1 Jg(ng - Ve7) and » Denote by u, the solution of a biharmonic equation with
integration by parts for the (¢ — ¢7)-term give right-hand side g; set ¢, = Auy,.
I — -f ion in the mi f lati f
h% 1Te(ng - VSOT)HE < hglle — ‘PTHME + h If — fTHwE > Insert u — ug as test-function in the mixed formulation o

the auxiliary biharmonic equation.
» Error estimator

) ) ) » Use the Galerkin orthogonality and standard
Z hi o — Aur|y + Z he [[Je(mg - Vur)||g approximation properties of the nodal interpolation to

KeT Eeg ) bound (g, u — ur) in terms of the error estimator and
: leglly + lluglls-
6 2 5 2
+ Z hi lfT — Aprllk + Z hg |[Je(ne - Ver)lg » Use the regularity result ||¢g||; + [lugll; S |lg]l_; for convex
KeT Ee&q

domains.
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Upper Bound for {ZK h o — SOTHK} A Posteriori Error Estimates
» Introduce a mesh-function h € W1°() and assume that
hk = h for every element K. 3
» Insert ¥ = h%(p — o), v = —h2(u — ur) in the error {Zh lo — SOTHK} + V(e = ur)|l
equation to obtain
_ 2 _ 20, _
IRe =enl"= (i, Ble = er)) ~ { - W llor — Aurlk + 3 he st - Vurl:
—(Ra, h*(u —ur)) KeT Ee€
+ > i llfr = Aerlx + Y i IIene - Ver)lz
=2 [ W= er)Vh- V(u—ur) P2} P
1
+2/ h(u —ur)V(e — ¢7) - Vh. 2 |? :
0 + D hllf = frific ¢ +maxhiclIfll
» Bound the right-hand side using Galerkin orthogonality, KeT
interpolation error estimates, and inverse estimates.
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Discretization Mesh-dependent Norm
Find ur € SS’O(T) (continuous, piecewise quadratic, vanishing > Mesh-dependent semi-norm )
on I') such that for all vy € 53’0(7') , |2
lorlr =9 D lorlse
/ for = / D ur : D vr » Mesh-dependent norm
{2 KeT 1
2
2 - 2
+ Z / Ag(ng - D? urngp)lpng - Vor) llvrllly = {|UT|T +o Z hE1 |Je(ng - VUT)HE}
Ee€ Ees
» u € HZ(Q) implies
+) / Jp(ng - Vur)Ap(ng - D*vrng) 2
et Mo —urlly = < Ju—urf>
+O’Zh / Je(ng - Vur)lp(ng - Vor). 1
et +o Y I sns - kué}
Ee&
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Lifting to a Conforming Subspace of H;(() Hsieh-Clough-Tougher Element

» Compare u — ug with v — E7usr where Eur is a lifting of
ur to the Hsieh-Clough-Tougher subspace of H3((2).
> E7ug is defined by
Erur(z) = ur(2),

V(Erur)(z) = m S Vurlk(2),
? KCw,

{ve CHK) : vk, € P3}

ng - V(Erur)(28) = Ap(g-ur)(28).

> Ju—urly < H D?(u— Eru T)H + | Brur — urly function values, first order derivatives, normal derivatives
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Estimation of |E7ur — ur|, Estimation of HD2(U — ETUT)H
» A local inverse estimate yields
1
2
~-E < it |ur — E 25
lur = Erurlr 5 {Ié; K llur = Brur i » Since u — Eyuy € HZ(Q) there is a v € H3(Q2) with
» A scaling argument gives lv]l, =1 and HDZ(u — ETUT)” = [ D*(u— Eruy) : D?v.
—4 2 2 Q
hi lur — Erurllx < Z |V (ur — Erur)(2)| » The term on the right-hand side can be rewritten and then
ZENK

estimated with the help of interpolation error estimates,
inverse estimates, and trace inequalities.

2
+4 > b IIeme - Vur)|3
Eelk
» The first term on the right-hand side can be controlled by
the second one (same argument as for the ZZ-estimator).
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D?*(u — Euy) : D*v A Posteriori Error Estimates

= /Qf(v—iTv) — Z /KDQ(ETUT—uT) : D% {Z Hu—ufr“g;K}

KeT e
~ 4 2 2
— Z / D?ug : D*(v — i7v) ~ Z hic | A%ur = frlx
KeT 7K KEE 1 2
) . +0> > b We0e - Vur)| g
4 Z/ Ap(ng - D*urng)Jg(ng - Virv) EcE
E
Eeg + > he|Ie(Aur)|E
+ Z / Je(ng - Vur)Ag(ng - DQ(iTU)nE) Eecéq .
Ee& E 2
1 | + 3 kS - fTu%(}
—|-(TZhE / Je(ng - Vur)lg(ng - Virov). KeT
EeE 2
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