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The Biharmonic Equation

The Biharmonic Equation

∆2u = f in Ω

u = 0 on Γ

∂u

∂n
= 0 on Γ

I Models the vertical displacement u of the mid-surface of a
thin clamped plate under the influence of a vertical load f .

I Models the vorticity of a two-dimensional Stokes flow.
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Conforming Discretizations

Variational Formulation and Discretization

I Find u ∈ H2
0 (Ω) such that for all v ∈ H2

0 (Ω)∫
Ω

∆u∆v =

∫
Ω
fv.

I Find uT ∈ XT ⊂ H2
0 (Ω) such that for all vT ∈ XT∫
Ω

∆uT∆vT =

∫
Ω
fvT .

I Requires C1-elements.
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Conforming Discretizations

Proof of A Posteriori Error Estimates

I Upper bound is standard.
I Conformity XT ⊂ H2

0 (Ω) implies Galerkin orthogonality.
I Integration by parts twice element-wise yields
L2-representation.

I Standard approximation properties of nodal interpolation
prove upper bound.

I Lower bound requires C1-cut-off functions.
I
∏

z∈NK
λ2z controls the element residual fT −∆2uT .

I ψE,1 =
∏

K⊂ωE

∏
z∈NK

λ2K,zχωE
controls the edge residual

JE(nE · ∇∆uT ).

I ψE,1

(
|K2|
|E|

∑
z∈NK2

\NE
λK2,z −

|K1|
|E|

∑
z∈NK1

\NE
λK2,z

)
controls the edge residual JE(∆uT ).
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Conforming Discretizations

Smooth Cut-off Functions
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(ψE)2 ψE,1
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Conforming Discretizations

A Posteriori Error Estimates

‖u− uT ‖2 ≈

{∑
K∈T

h4
K

∥∥fT −∆2uT
∥∥2

K

+
∑
E∈EΩ

hE ‖JE(∆uT )‖2E

+
∑
E∈EΩ

h3
E ‖JE(nE · ∇∆uT )‖2E

+
∑
K∈T

h4
K ‖f − fT ‖

2
K

} 1
2
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Mixed Discretizations

Mixed Variational Problem and Discretization

I Find ϕ ∈ H1(Ω) and u ∈ H1
0 (Ω) such that for all

ψ ∈ H1(Ω) and v ∈ H1
0 (Ω)∫

Ω
ϕψ +

∫
Ω
∇ψ · ∇u = 0∫

Ω
∇v · ∇ϕ = −

∫
Ω
fv

I Find ϕT ∈ VT ⊂ H1(Ω) and uT ∈WT = VT ∩H1
0 (Ω) such

that for all ψT ∈ VT and vT ∈WT∫
Ω
ϕT ψT +

∫
Ω
∇ψT · ∇uT = 0∫

Ω
∇vT · ∇ϕT = −

∫
Ω
fvT

I The inf-sup condition is violated.
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Mixed Discretizations

Residuals

〈R1 , ψ〉 =

∫
Ω
ϕT ψ +

∫
Ω
∇uT · ∇ψ

=
∑
K∈T

∫
K

(ϕT −∆uT )ψ +
∑
E∈E

∫
E
JE(nE · ∇uT )ψ

〈R2 , v〉 =

∫
Ω
∇ϕT · ∇v +

∫
Ω
fv

=
∑
K∈T

∫
K

(f −∆ϕT ) v +
∑
E∈EΩ

∫
E
JE(nE · ∇ϕT )v
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Mixed Discretizations

Lower Bounds for R1

I Test-functions ψ = ψK(ϕT −∆uT ), v = 0 yield

‖ϕT −∆uT ‖2K . h−1
K ‖∇(u− uT )‖K ‖ϕT −∆uT ‖K

+ ‖ϕ− ϕT ‖K ‖ϕT −∆uT ‖K
I Test-functions ψ = ψEJE(nE · ∇uT ), v = 0 give

h
1
2
E ‖JE(nE · ∇ϕT )‖E . ‖∇(u− uT )‖ωE + hE ‖ϕ− ϕT ‖ωE

I Mesh-dependent norm
{
‖∇v‖2 +

∑
K h2

K ‖ψ‖
2
K

} 1
2

may be

a candidate for measuring the error.

I Causes problems with R2 which is linked to ∇(ϕ− ϕT ).
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Mixed Discretizations

Lower Bounds for R2

I Test-functions ψ = 0, v = vK = ψK,1(fT −∆uT ) and
integration by parts for the (ϕ− ϕT )-term yield

h3
K ‖fT −∆uT ‖K . hK ‖ϕ− ϕT ‖K + h3

K ‖f − fT ‖K
I Test-functions ψ = 0, v = ψE,1JE(nE · ∇ϕT ) and

integration by parts for the (ϕ− ϕT )-term give

h
5
2
E ‖JE(nE · ∇ϕT )‖E . hE ‖ϕ− ϕT ‖ωE + h3

E ‖f − fT ‖ωE
I Error estimator{∑

K∈T
h2
K ‖ϕT −∆uT ‖2K +

∑
E∈E

hE ‖JE(nE · ∇uT )‖2E

+
∑
K∈T

h6
K ‖fT −∆ϕT ‖2K +

∑
E∈EΩ

h5
E ‖JE(nE · ∇ϕT )‖2E


1
2
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Mixed Discretizations

Upper Bound for ‖∇(u− uT )‖
I Use a duality argument.

I Choose g ∈ H−1(Ω) such that ‖g‖−1 = 1 and
〈g , u− uT 〉 = ‖∇(u− uT )‖.

I Denote by ug the solution of a biharmonic equation with
right-hand side g; set ϕg = ∆ug.

I Insert u− uT as test-function in the mixed formulation of
the auxiliary biharmonic equation.

I Use the Galerkin orthogonality and standard
approximation properties of the nodal interpolation to
bound 〈g , u− uT 〉 in terms of the error estimator and
‖ϕg‖1 + ‖ug‖3.

I Use the regularity result ‖ϕg‖1 + ‖ug‖3 . ‖g‖−1 for convex
domains.
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Mixed Discretizations

Upper Bound for
{∑

K h2
K ‖ϕ− ϕT ‖2

K

} 1
2

I Introduce a mesh-function h ∈W 1,∞(Ω) and assume that
hK ≈ h|K for every element K.

I Insert ψ = h2(ϕ− ϕT ), v = −h2(u− uT ) in the error
equation to obtain

‖h(ϕ− ϕT )‖2 =
〈
R1 , h

2(ϕ− ϕT )
〉

−
〈
R2 , h

2(u− uT )
〉

−2

∫
Ω
h(ϕ− ϕT )∇h · ∇(u− uT )

+2

∫
Ω
h(u− uT )∇(ϕ− ϕT ) · ∇h.

I Bound the right-hand side using Galerkin orthogonality,
interpolation error estimates, and inverse estimates.

13/ 24

A Posteriori Error Estimates for the Biharmonic Equation

Mixed Discretizations

A Posteriori Error Estimates

{∑
K

h2
K ‖ϕ− ϕT ‖

2
K

} 1
2

+ ‖∇(u− uT )‖

≈

{∑
K∈T

h2
K ‖ϕT −∆uT ‖2K +

∑
E∈E

hE ‖JE(nE · ∇uT )‖2E

+
∑
K∈T

h6
K ‖fT −∆ϕT ‖2K +

∑
E∈EΩ

h5
E ‖JE(nE · ∇ϕT )‖2E

+
∑
K∈T

h6
K ‖f − fT ‖

2
K

} 1
2

+ max
K∈T

h2
K ‖f‖−1
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Non-conforming Discretizations

Discretization

Find uT ∈ S2,0
0 (T ) (continuous, piecewise quadratic, vanishing

on Γ) such that for all vT ∈ S2,0
0 (T )∫

Ω
fvT =

∑
K∈T

∫
K
D2uT : D2vT

+
∑
E∈E

∫
E
AE(nE ·D2uT nE)JE(nE · ∇vT )

+
∑
E∈E

∫
E
JE(nE · ∇uT )AE(nE ·D2vT nE)

+ σ
∑
E∈E

h−1
E

∫
E
JE(nE · ∇uT )JE(nE · ∇vT ).
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Non-conforming Discretizations

Mesh-dependent Norm
I Mesh-dependent semi-norm

|vT |T =

{∑
K∈T

‖vT ‖22;K

} 1
2

I Mesh-dependent norm

‖|vT ‖|T =

{
|vT |2T + σ

∑
E∈E

h−1
E ‖JE(nE · ∇vT )‖2E

} 1
2

I u ∈ H2
0 (Ω) implies

‖|u− uT ‖|T =

{
|u− uT |2T

+σ
∑
E∈E

h−1
E ‖JE(nE · ∇uT )‖2E

} 1
2

.
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Non-conforming Discretizations

Lifting to a Conforming Subspace of H2
0(Ω)

I Compare u− uT with u−ET uT where ET uT is a lifting of
uT to the Hsieh-Clough-Tougher subspace of H2

0 (Ω).

I ET uT is defined by

ET uT (z) = uT (z),

∇(ET uT )(z) =
1

#{K ⊂ ωz}
∑

K⊂ωz

∇uT |K(z),

nE · ∇(ET uT )(zE) = AE(nE · uT )(zE).

I |u− uT |T ≤
∥∥D2(u− ET uT )

∥∥+ |ET uT − uT |T
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Non-conforming Discretizations

Hsieh-Clough-Tougher Element

{
v ∈ C1(K) : v|Ki

∈ P3

}
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function values, first order derivatives, normal derivatives
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Non-conforming Discretizations

Estimation of |ET uT − uT |T
I A local inverse estimate yields

|uT − ET uT |T .

{∑
K∈T

h−4
K ‖uT − ET uT ‖

2
K

} 1
2

.

I A scaling argument gives

h−4
K ‖uT − ET uT ‖

2
K .

∑
z∈NK

|∇(uT − ET uT )(z)|2

+

 ∑
E∈EK

h−1
E ‖JE(nE · ∇uT )‖2E


1
2

.

I The first term on the right-hand side can be controlled by
the second one (same argument as for the ZZ-estimator).
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Non-conforming Discretizations

Estimation of
∥∥D2(u− ET uT )

∥∥
I Since u− ET uT ∈ H2

0 (Ω) there is a v ∈ H2
0 (Ω) with

‖v‖2 = 1 and
∥∥D2(u− ET uT )

∥∥ =

∫
Ω
D2(u− ET uT ) : D2v.

I The term on the right-hand side can be rewritten and then
estimated with the help of interpolation error estimates,
inverse estimates, and trace inequalities.
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Non-conforming Discretizations∫
Ω

D2(u− ET uT ) : D2v

=

∫
Ω
f(v − iT v)−

∑
K∈T

∫
K
D2(ET uT − uT ) : D2v

−
∑
K∈T

∫
K
D2uT : D2(v − iT v)

+
∑
E∈E

∫
E
AE(nE ·D2uT nE)JE(nE · ∇iT v)

+
∑
E∈E

∫
E
JE(nE · ∇uT )AE(nE ·D2(iT v)nE)

+ σ
∑
E∈E

h−1
E

∫
E
JE(nE · ∇uT )JE(nE · ∇iT v).
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Non-conforming Discretizations

A Posteriori Error Estimates

{∑
K∈T

‖u− uT ‖22;K

} 1
2

≈

{∑
K∈T

h4
K

∥∥∆2uT − fT
∥∥2

K

+σ2
∑
E∈E

h−1
E ‖JE(nE · ∇uT )‖2E

+
∑
E∈EΩ

hE ‖JE(∆uT )‖2E

+
∑
K∈T

h4
K ‖f − fT ‖

2
K

} 1
2
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Summary

Summary

error sq. estimator sq. oscillation

h4
K

∥∥∥fT −∆2uT
∥∥∥2

K

conf. ‖u− uT ‖2 +h∂K ‖JE(∆uT )‖2∂K h4
K ‖f − fT ‖

2
K

+h3
∂K ‖JE(nE · ∇∆uT )‖2∂K

h2
K ‖ϕT −∆uT ‖2K

mixed ‖h(ϕ− ϕT )‖ +h∂K ‖JE(nE · ∇uT )‖2∂K h6
K ‖f − fT ‖

2
K

+ ‖∇(u− uT )‖ +h6
K ‖fT −∆ϕT ‖2K +h2 ‖f‖−1

+h5
∂K ‖JE(nE · ∇ϕT )‖2∂K

h4
K

∥∥∥fT −∆2uT
∥∥∥2

K

nonconf. ‖u− uT ‖2;T +h∂K ‖JE(∆uT )‖2∂K h4
K ‖f − fT ‖

2
K

+σ2h−1
∂K
‖JE(nE · ∇uT )‖2∂K
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